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Abstract
In this article, I introduce ideas and techniques to extract information about the equation of
state of matter at very high densities from gravitational waves emitted before, during and after
the merger of binary neutron stars. I also review current work and results on the actual use of
the first gravitational-wave observation of a neutron-star merger to set constraints on properties
of such equation of state. In passing, I also touch on the possibility that what we observe in
gravitational waves are not neutron stars, but something more exotic. In order to make this article
more accessible, I also review the dynamics and gravitational-wave emission of neutron-star mergers
in general, with focus on numerical simulations and on which representations of the equation of
state are used for studies on binary systems.
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1 Opening words
For decades hope has grown that measurements of gravitational waves (GWs), and related electromag-
netic radiation, from mergers of binaries composed of compact stars1 may set more stringent constraints
on the properties of the equation of state (EoS) of matter at densities higher and much higher than
nuclear density. Such hope has become reality since August 2017, when the first measurement of gravita-
tional radiation interpreted as the coalescence of a binary–neutron-star (BNS) merger has been recorded
as GW170817 [1]. There have been numerous follow-up observations (triggered by the GW detection)
of electromagnetic radiation [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24,
25, 26, 27, 28] from what are thought to be the material ejecta of the merger. While concluding this
review, the third observational run of the LIGO-Virgo Collaborations has started and the observation
of some candidate BNS waveforms has been announced. However, details have not been released and
therefore for analysis purposes GW170817 is currently the only observation of the kind. And this one
1I have used the term compact stars, because it does not contain any hints on their composition: It just differentiates
them from black holes or less dense stars. Indeed, what is inside compact stars like those in the first GW detection
(GW170817) of objects thought not to be black holes [1] (but see [2] for the possibility that GW170817 was a merger of
a compact star with a black hole) is still largely unknown and it is indeed one of the scopes of this article to describe the
status of research about the composition of compact stars (see Ref. [3] for a recent review), in view of GW observations.
However, in most of the literature the term neutron stars is employed, without assuming that they are made only or
mostly of neutrons. Exceptions to this routine use are works that explicitly study non-nucleonic equations of state for
compact stars (see Sects. 4.4, 7.2 and 7.3). These works often distinguish compact stars into neutron stars, quark
stars, strange stars (quark stars made of strange quark matter), hybrid stars (with a core of quark matter and an outer
region of nucleonic matter). Furthermore, the term compact stars may be used to refer to objects that are not made of
ordinary matter, such as boson stars (see Sect. 2.5). Having presented these notes of caution on nomenclature, in the
rest of this article, I will mostly use the term neutron stars to refer to compact stars made of ordinary matter in general.
Only where specification may be necessary, or at least useful, I will employ the term compact stars or one with further
particularization.
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observation has indeed already been used to gain knowledge2 on the EoS, in addition to several other
findings, such as more stringent limits on the difference between the speed of light and that of gravity
[32], on the equivalence principle (through Shapiro-delay [33] measurements), on Lorentz invariance [32]
and on cosmologically modified gravity [34, 35, 36, 37, 38, 39, 40].
In this review I assume that the reader is familiar with nuclear EoSs. Therefore, I will not enter into
details of the various proposals for describing and computing the EoS from fundamental principles with
various levels of approximations, or the details of any of the results of such computations. For reviews
on the current status of research in computations of EoS with NSs in mind see, e.g., Refs. [41, 3].
As is well known, a large number of experiments carried out in laboratories on Earth [42, 43, 44,
45, 46, 47, 48, 49, 50, 51], especially heavy-ion reactions with radioactive beams, constrain the EoS of
matter in various ways and to various degrees up to around nuclear density. Considerable attempts have
been made to constrain the EoS at densities higher than the nuclear density, but it has turned out to
be difficult to put stringent constraints on the EoS parameters [42, 52, 53, 54, 55, 56, 57, 47, 58, 59, 60].
Astrophysical observations (like those involving binary pulsars and x-ray binaries [50, 49, 61, 62,
63, 64, 65]) have been giving additional constraints on the EoS of ultra-high density matter, by trying
to measure the masses and radii of neutron stars (NSs). Further information on the EoS of ultra-high
density matter can be obtained through BNS mergers observations by determining (see further below
for definitions): (i) the tidal deformability (sometimes also called tidal polarizability) Λ for a NS of a
given mass; (ii) the amount of material ejected from the merger (ejecta), which gives rise to a macronova
and to radio emissions (see, e.g., Ref. [66]); (iii) the maximum mass Mmax of a non-rotating compact
star that is stable against collapse to a black hole.
The tidal deformability Λ is an EoS-dependent, dimensionless function of the NS mass that correlates
with the pressure gradients inside the star, namely with the stiffness of the EoS. Tidal deformations cause
a phase shift (the phasing of the GW signal is significantly more important for parameter estimation
than its amplitude [67]) in the waveform relative to the merger of point-particles, which is measurable
with existing GW detectors [68, 69, 70, 71]. More details will be given in Sect. 3.1.
A macronova [72] is an astronomical source of electromagnetic radiation about one to three orders
of magnitudes brighter than a regular nova3, hence the name macronova [73] or kilonova [74] (the term
mergernova has also been recently used [75]). In the standard scenario, macronovae shine hours to
days after the merger in ultra-violet, optical, and infrared bands and their power source is thought
to be, with support by the observation of the macronova associated with GW170817 [7, 22, 24], the
radioactive decay of r-process elements [72, 73, 74] (however, see also [76] for an alternative explanation).
Macronovae are particularly promising electromagnetic counterparts to BNS mergers because their
emission is relatively isotropic, contrary to gamma-ray bursts, which are thought to be highly beamed
and thus observable only in some cases. In addition to the macronova associated with GW170817,
named also AT2017gfo, a few other candidates have been identified (without a GW counterpart, of
course) [77, 78, 79, 80, 81, 82, 83, 84].
Observational constraints on the quantities mentioned above (tidal deformability, maximum mass,
amount of ejecta) can be obtained from BNS mergers through (i) GWs from the late inspiral, (ii) GWs
from post-merger oscillations and (iii) electromagnetic emissions (macronova and radio emission).
The rest of this article is organized as follows. In Sect. 2, I will review the dynamics and GW
emission of BNS mergers in general, with focus on numerical simulations and on which representations
of the EoS are used for studies on BNS systems. Then, in Sect. 3, I will introduce ideas and techniques
to find information about the EoS from GWs emitted before the merger of the NSs (coalescence or
2There is, naturally, much excitement about this first detection, but several experts in the field think that GW170817
has actually not provided new insights about the EoS that cannot be obtained from knowledge already available from
nuclear physics theory and experiments, and from preceding astrophysical observations. However, to my knowledge,
statements of this kind have appeared only in a few articles [29, 30, 31]. See the rest of this review for more details.
3Novae are caused by hydrogen fusion explosions on a white dwarf accreting from a larger companion star.
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inspiral phase), while in Section 4 I will focus on analyses of gravitational radiation emitted during
and after the merger (merger and post-merger phases) and in Sect. 5 on ideas for combining pre- and
post-merger waveforms. Finally, before concluding, in Sect. 7 I will review current work and results on
the actual use of the one GW observation of BNS merger currently available to set constraints on EoS
properties. In passing, in Sect. 6, I will also touch on the possibility that what we observe in GWs are
not NSs, but something more exotic.
2 Introduction
For the convenience of the reader, I present here some of the generalities of BNS systems and of popular
ways used to advance our knowledge on them, in particular on their EoS.
2.1 Status of numerical-relativity simulations for binary neutron-star merg-
ers
In order to help and interpret observations, we need solutions of the general-relativistic equations
describing spacetime4, matter and radiation (in particular, magnetic fields). As everyone knows, analytic
solutions of astrophysical relevance for BNS systems are not available, therefore the field of numerical
relativity – the science of simulating (solving) general-relativistic dynamics on computers – has seen
lots of efforts being put into it and a reasonable amount of reliable results. Numerical relativity is now
mature, but at the beginning, a couple of decades ago, it has struggled to get decent results because
straightforward discretization of the Einstein equations just does not work. In addition to the standard
problems of any numerical simulation, there are multiple reasons for the increased difficulty inherent
to general-relativistic simulations: (i) The formulation of the equations is not self-evident; e.g. time is
not simply defined and very careful variables definitions are needed to obtain a system that is strongly
hyperbolic; (ii) Physical singularities may be present and need special treatment; (iii) While not carrying
physical information, gauges play an important role in numerical stability, for example in countering
grid stretching. For explanations on all these issues, well-written textbooks are nowadays available
[98, 99, 100, 101, 102].
Despite such difficulties, nowadays the number of research groups with their own independent codes
capable of performing (at least in some respects) state-of-the-art BNS simulations is of order ten. The
current status of the capabilities of codes used for simulating BNS can be summarized as follows.
(i) All codes can robustly compute the matter and spacetime dynamics (including long-term evo-
lutions of the formed black hole and accretion disc), even if improvements are being constantly made.
The selection of appropriate gauges and the extraction of GW signals from the dynamics is nowadays
routinely done by everyone in the field. The EoSs used in simulations are based on published work from
specialists in nuclear theory and so on and are either piecewise polytropes5 [103] (plus a thermal part,
at times) or tabulated [104, 105, 106, 107]. Also the first general-relativistic simulations of merging NSs
including quarks at finite temperatures have been performed recently [108, 109]. See Sect. 4.4 for more
details on these works on phase transitions.
(ii) In addition to the theme of this review, namely the linking of GW observations to physical
properties of the emitting system and in particular the EoS, there is a lot of ongoing work and some
robust results also on heavy-element production [110, 111, 112, 113, 114, 115, 116, 117, 118, 119, 120,
4Except for some side remarks and Sect. 6, in this review I will assume that the theory of gravity is general relativity,
because the prospects for deviations from general relativity in stellar-mass objects (see Refs. [85, 86] for reviews) are
severely limited, also by observations of GWs from mergers of binary black holes [87] and NSs [32], and because numerical
simulations of BNS mergers in alternative theories of gravity are very few [88, 89, 90, 91, 92, 93, 94, 95, 96, 97].
5See Sect. 2.4.
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105, 106, 121, 122, 123, 124, 125, 126] and macronovae [110, 127, 128, 116, 117, 106, 129, 130, 131,
132], on improved initial data, including better computations of BNS with non-negligibly spinning
stars [133, 134, 135, 136, 137, 138, 139, 140, 141, 142, 143, 144, 145, 146, 147, 148, 149] and BNS
with eccentricity [150, 151, 111, 106, 152, 153, 154, 155], and on the treatment of physical viscosity
[156, 157, 158, 159, 160].
(iii) Some other issues, instead, are still very open, in particular the effects of magnetic fields and
of radiation transport, especially neutrino radiation transport. Simulating magnetic fields is challeng-
ing because of physical instabilities that require very high resolutions to be resolved and because of
limitations in the modelling of electromagnetic interactions. Most simulations, in fact, are carried out
in the magnetohydrodynamics approximation, which does not capture all the physical effects, like up-
per limits to the growth of instabilities. Resistive-magnetohydrodynamics simulations exist in small
numbers [161, 162, 163], but they are limited by our lack of knowledge about the resistivity of matter
in and around NSs. The open problems with magnetic fields in BNS mergers apply especially to the
post-merger phase, where magnetic fields may have a huge importance for the dynamics itself, for the
ejecta, and for electromagnetic emissions from the vicinity of the merged object (like those thought to
produce short gamma-ray bursts). Before the merger, magnetic fields are not relevant for the global
dynamics [164], but may produce observable electromagnetic radiation, as found in works employing
resistive magnetohydrodynamics [161, 162]. Effects of neutrinos and in general of radiation transport
are also important for the production of ejecta and direct electromagnetic emissions and advances are
progressively being made [165, 104, 105, 123, 157, 126, 166].
Figure 1: Isodensity contours on the equatorial plane for the evolution of a BNS with the polytropic
EoS. The thick dashed line in the last panel represents the apparent horizon. (From Ref. [167])
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Figure 2: Isodensity contours on a meridional plane, highlighting the formation of a torus
surrounding the central black hole, whose apparent horizon is indicated with a thick dashed
line. The data refer to a low-mass binary evolved with a polytropic EoS (cf. Fig. 1). (From
Ref. [167])
2.2 The dynamics of neutron-star binaries
For a more in-depth overview on the state of the art of numerical studies on BNS systems, the reader
is referred to recent review articles, like Refs. [168, 169, 170]. Here, I will only give a brief overview
of their dynamics, also by showing images from a representative simulation taken from Ref. [167].
Fig. 1 collects some representative isodensity contours (i.e. contours of equal rest-mass density) on
the equatorial plane. The initial coordinate separation between the maxima in the rest-mass density
(defining the stellar centres) is 45 km. As the stars inspiral with increasing angular velocity, each one
becomes more and more tidally deformed by the gravity of its companion. This leads to an increase in
the inspiral rate [68], which also depends, of course, on the total angular momentum of the system, the
orbital one and the spins of the stars.
During the merger, when regions of the two stars with density around a factor of a few less than their
maximum density come into contact, a noticeable vortex sheet (or shear interface) develops, where the
tangential components of the velocity exhibit a discontinuity. This condition is known to be unstable to
very small perturbations and it can develop a Kelvin-Helmholtz instability, which will curl the interface
forming a series of vortices [171]. This is indeed what is observed in all simulations of this kind, with
features that are not much dependent on the mass or on the EoS used. Even if this instability is purely
hydrodynamical, it can have strong consequences when studying the dynamics of BNS systems in the
presence of magnetic fields, because it leads to an exponential growth of the toroidal component of
the magnetic field even if the initial magnetic field is a mostly or purely poloidal one6 [175, 176, 167].
Through this mechanism, the instability can lead to an overall amplification of the magnetic field of
about three orders of magnitude [177, 178, 179, 104, 180, 181, 159]. Such high magnetic fields are
presumed to be behind the phenomenology of magnetars [182, 183] and short hard gamma-ray bursts
[184, 185, 186, 187].
After the merger, the cores of the two NSs coalesce. During their rapid infall they experience a
considerable decompression of ≈ 15%, for about 1 ms. Given the choice of mass of the initial configu-
ration and of the EoS, in the simulation shown in Fig. 1 the merged object is initially a hypermassive
neutron star (HMNS), i.e. a NS with mass above the upper limit for uniformly rotating NSs and that is
temporarily supported against collapse by differential rotation and thermal gradients [188]. The HMNS
undergoes a number of violent non-axisymmetric oscillations, with a dominant overall m = 2 defor-
6Realistic descriptions of NSs, isolated or in binaries, probably require poloidal-toroidal mixed field configurations
[172, 173, 174].
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mation7, i.e. a bar, as the system moves towards an energetically favourable configuration through the
rearrangement of the angular-momentum distribution [190, 191, 192, 193, 194, 195, 196, 180, 197, 198].
As the bar rotates, it also loses large amounts of angular momentum through gravitational radiation.
m = 1 deformations have also been reported [199, 200, 176, 140, 141, 201, 202, 144, 203, 204, 152, 205].
Together with these oscillations, a secular increase of the central rest-mass density is also observed.
Then, about 15 ms after the merger, the maximum rest-mass density is seen again to increase rapidly,
exponentially, and the object collapses to a rotating black hole (Kerr black hole). This is expected from
the fact that the HMNS born after the merger, while initially not beyond the stability limit for gravi-
tational collapse, has lost its original differential rotation8. The collapse is marked by the appearance
of an apparent horizon9.
When an apparent horizon appears, a large amount of high–angular-momentum matter remains
outside of it in the form of an accretion torus. In the example presented here, it has an average density
between 1012 and 1013 g/cm3, a vertical size of a few km and a horizontal extension of a few tens of
km. The initial rest mass of the torus is an important quantity to be determined in simulations, since
it is related to the ejecta and to electromagnetic emission in general. In particular, the existence of a
massive torus around the newly formed rotating black hole is a key ingredient in the modelling of short
gamma-ray bursts.
The dynamics of the torus are summarized for the representative case adopted here in Fig. 2, which
shows the isodensity contours on a meridional plane. Note that the panels refer to times between the
times of the last two panels of Fig. 1. Overall, the torus has a dominant m = 0 (axisymmetric) structure
but, because of its violent birth, it is very far from an equilibrium. As a result, it is subject to large
oscillations, mostly in the radial direction.
In the example simulation presented above, the merged object is a HMNS that collapses to a rotating
black hole in a few tens of milliseconds. More in general, a HMNS can exist for up to ∼ 1 s, during which
time cooling through neutrino emission, angular-momentum transport associated with magnetic-field
effects (such as the magneto-rotational instability and magnetic braking), and the gravitational torque
resulting from its non-axisymmetric structure lead the remnant to collapse [212, 179, 213]. As it can
be easily imagined, depending on the initial mass of the system and on the EoS, other outcomes are
possible for the merger. The merger of BNS with higher masses and/or softer EoSs ends in a prompt
collapse to a black hole, while binaries with lower rest masses and/or stiffer EoSs produce a merged
object that does not collapse for a longer time. This would likely be a supramassive NS [214], namely an
axisymmetric, uniformly rotating NS with mass exceeding the upper limit for nonrotating NSs. After
losing angular momentum through secular mechanisms likely related to electromagnetic emission, it
would then collapse to a black hole on timescales of ∼ 10 − 104 s [215]. Finally, in possibly marginal
cases, the merged object may not collapse at all, namely it may become a stable NS. See Fig. 1 of Ref.
7As widely known, stellar deformations can be described decomposing the linear perturbations of the energy or rest-
mass density as a sum of quasi-normal modes that are characterized by the indices (l,m) of the spherical harmonic
functions. Then the m mentioned in the text is the dominant term of such expansion. m = 0 is a spherical perturbation,
m = 1 is a one-lobed (or one-armed) perturbation, m = 2 is a bar-shaped perturbation. See Ref. [189] for a review.
8Note that the physical non-axisymmetry of the HMNS and coordinate effects due to the choice of gauges (gauges
are usually not fixed in numerical relativistic simulations, but are evolved together with the other spacetime quantities
[98, 99, 100, 101, 102]) make it difficult to provide a unique measure of the degree of differential rotation (but see Refs.
[141, 206]). On average, however, the angular velocity decreases of about one order of magnitude between the rotation
axis and the surface.
9Black holes are defined through their event horizons, which are surfaces bounding a region in spacetime inside which
events cannot affect an outside observer. In numerical computations it is possible [207] but not easy to find event horizons,
because information from all times are necessary for this and so it can be computed only at the end of the simulation.
Instead, apparent horizons are usually searched for in numerical simulations. These are surfaces that are the boundary
between light rays that are directed outwards and move outwards, and those that are directed outwards but move inwards.
Apparent horizons are a local concept and thus they can be computed immediately for each time step of a simulation,
with efficient techniques [208, 209, 210, 211].
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[168] for a schematic view of what said in this paragraph about the possible outcomes of the merger.
2.3 Gravitational-wave emission from binary–neutron-star mergers
Representative waveforms from the merger of different BNS systems are shown in Fig. 3, taken from
Ref. [216]. Reflecting the dynamics of matter as described above, gravitational waveforms increase in
amplitude and in frequency during the inspiral (the so-called chirp signal10), while the waveforms after
the merger, reflecting the oscillations of the merged object, are much more varied and in many cases
terminate with the ringdown11 signal of the black hole, during which the distortions with respect to a
Kerr black hole are damped in a characteristic GW signal. The ringdown signal for black holes formed
in BNS mergers is at frequencies of several kHz and so not easily measurable by current detectors.
The post-merger signal from before the collapse is at lower frequencies than the ringdown, but still so
high that detection is probably limited to close sources [222, 223, 224, 225, 226, 227, 228]. The inspiral
signal, instead, can be better measured in current detectors, because of its duration (tens of seconds or
even more) and its frequency range of up to ∼ 1 kHz. Detectors that are currently active (Advanced
LIGO [229], Advanced Virgo [230]), under construction (KAGRA [231], Indigo/LIGO India [232]) and
most of those that are planned (LIGO Voyager [233], Einstein Telescope [234, 235], Cosmic Explorer
[233]), in fact, are projected to have maximum sensitivity around 1 kHz (see also Ref. [236] for a recent
proposal on further detector developments).
2.4 Describing equations of state with generic parameterizations
Given the complexity of the interactions and the structure of NSs, all of the (supra)nuclear EoSs
proposed so far use certain approximations and involve large numbers of fundamental parameters.
Researchers have indeed been checking some of the proposed EoSs against the data we could gather
from GW170817, but another more general informative approach is to parameterize possible EoSs with
a few phenomenological parameters and to analyse which constraints are imposed by observations on
these parameters. These results are less model dependent, since they do not make use of a specific EoS
among those proposed. However, the choice of parameters for the parameterization is itself a model
and actually the form of the parameterization chosen has consequences on the Bayesian inference of
EoS parameters made using astrophysical data [238, 239, 240].
A few parameterizations have been proposed and used, with different degrees of complexity and
fidelity to realistic EoS models [241]. One is the parameterization with piecewise polytropes [103, 242,
243, 244, 245, 246, 247], which, as the name says, consists in stitching together polytropic EoSs with
different adiabatic indexes Γ(ρ) for different ranges of density. It has been found that the optimal
number of polytropic pieces is five, each describing a density interval between one and several (eight)
times the nuclear saturation density [246, 248]. It is a rather straightforward method, which is used in
most numerical-relativity simulations because of its ease and efficiency of implementation, and which
allows to parameterize a large portion of the space of possible EoSs with a few parameters (usually
only three or four pieces are used and necessary to get satisfactory agreement with all EoSs computed
from fundamental principles), but it has drawbacks as well. One of them is that when comparing
parameterized EoSs with specific EoSs computed from fundamental principles, the accuracy drops near
the fixed joining densities [245]. Another drawback is that the piecewise-polytropic parameterizations
10From the chirp signal, the chirp mass Mchirp =
(mAmB)
3/5
(mA+mB)1/5
(the dominant parameter of the inspiral) of the binary
system can be measured accurately [217, 218, 219], while the component masses mA and mB have much larger errors.
For GW170817, the LIGO-Virgo Collaborations determined Mchirp = 1.186± 0.001M [220].
11At its birth from collapse (or merger), the black hole rings, namely oscillates in shape. Since this ringing is rapidly
damped through the emission of GWs, it is called ringdown. Its frequencies are given by its quasinormal modes of
oscillation, calculable through perturbation theory (see Ref. [221] for a review).
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Figure 3: Some representative plots of the GW strain (l = 2; m = 2 mode only) taken
from Ref. [216]. Signals are for (from left to right): an equal-mass binary evolved with an
ideal-fluid EoS, a binary with a mass ratio of the components of q = 0.8 evolved with an
ideal-fluid EoS, an equal-mass binary evolved with the H4 EoS [237], a binary with a mass
ratio of the components of q = 0.8 evolved with the H4 EoS. The top panels show the strain
at nominal distance of 100 Mpc. The lower panels show the instantaneous frequency. (From
Ref. [216])
of the EoS may be thermodynamically non-convex12 at some of the juncture points even if the physical
EoS is convex [253, 249, 252] and this may also lead to spurious deformations of the emitted GWs [252].
Furthermore, it was found that, in principle, in some cases a piecewise-polytropic parameterization
does not admit an invertible mapping between the phenomenological EoS parameters and quantities
like gravitational mass, equatorial radius, and moment of inertia of the star [238, 239]. However, this
may not be a serious problem, as in practice Bayesian analysis of observations needs to be done [254],
and it has been shown that it is feasible to use gravitational signals to solve the relativistic inverse
stellar problem for piecewise-polytropic parameterizations, i.e., to reconstruct the parameters of the
EoS from measurements of the stellar masses and tidal deformability (or tidal Love number; see Sect.
3.1) with a few observations made by advanced interferometers [255].
Another parameterization is the spectral parameterization [256, 257, 258], which expresses the log-
arithm of the adiabatic index of the EoS, Γ(p, γi), as a polynomial of the pressure p; γi are the free EoS
parameters. This can match a wide variety of EoSs, usually better than piecewise-polytropic models
with the same number of parameters (however, in cases in which the candidate EoSs contain phase tran-
sitions the residuals are similar) [256] and without the above-mentioned problems at the joining points.
The spectral parameterization has recently seen further developments, including the self-imposition of
the causality constraint [241, 259], which would lead to improved computational efficiency. However,
12The convexity of any EoS is mathematically defined in terms of the value of the fundamental derivative, which measures
the convexity of the isentropes in the pressure-density plane. If the fundamental derivative is positive, isentropes in the
pressure-density plane are convex, and thus rarefaction waves are expansive and shocks are compressive [101, 249]. This
is the usual regime in which many astrophysical scenarios develop. However, some EoSs may display regimes in which
the fundamental derivative is negative, namely, the EoS is non-convex. In this case rarefaction waves are compressive
and shocks are expansive. These non-classical or exotic phenomena have been observed experimentally [250, 251]. Also,
it has been shown that any first-order transition (see Sect. 7.3) would lead to a non-convex thermodynamics [252].
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the improved version has not yet been used in applications to real data. It was also shown that the
spectral parameterization is free from the invertibility problems that may affect the piecewise-polytropic
representation (as long as the number of measured data points is greater than or equal to the number
of EoS parameters) [259].
Both the piecewise-polytropic and the spectral parameterizations can be stitched to an EoS known
to be realistic at lower densities (e.g., below half the nuclear saturation density), like the SLy EoS [260].
When they are used with random parameters to survey a large portion of the space of EoSs, rather
than used to mimic specific tabulated EoSs, this connection at low density is actually the only detailed
input that these representations get from known nuclear physics. Another limitation of these param-
eterizations is related to the fact that they automatically include the assumption of β-equilibrium13.
After they form, NSs cool rapidly via neutrino emission and quickly reach β-equilibrium, therefore
thermal and dissipative corrections to the EoS are negligible, and NS matter is typically modelled as a
perfect fluid. However, during tidal disruption and merger of a BNS system, matter heats up and is not
in such an equilibrium [262]. For some time interval, then, the piecewise-polytropic and the spectral
parameterizations may not offer a good description of matter. The common workaround used for this
in numerical simulations is the addition by hand of a thermal component of the EoS modelled as an
ideal fluid, in which the pressure p is related to the internal energy density  and the rest-mass density
ρ through the adiabatic index Γ as p = (Γ− 1)ρ.
The two representations introduced above do not allow for a simple connection to knowledge on nu-
clear physics and they cannot bring information about matter composition, such as the proton fraction.
A third and complementary way to obtain a parameterization of the EoS is to Taylor expand the en-
ergy per nucleon E of isospin asymmetric nuclear matter near the saturation density ρ0 (see, e.g., Refs.
[263, 264, 265, 266, 267, 268, 269]). The expansion is carried out in the isospin symmetry parameter
δ ≡ (ρn− ρp)/ρ (with ρp and ρn representing the proton and neutron number densities respectively and
ρ ≡ ρp + ρn) around the symmetric nuclear matter case δ = 0 [270]:
E(ρ, δ) = E(ρ, 0) + Esym(ρ)δ
2 +O(δ4), (1)
where E(ρ, 0) corresponds to the energy of symmetric nuclear matter. E(ρ, 0) and Esym(ρ) are then
expanded themselves around the saturation density
E(ρ, 0) = E0 +
K0
2
y2 +
Q0
6
y3 +O(y4), (2)
Esym(ρ) = Esym,0 + Ly +
Ksym
2
y2 +
Qsym
6
y3 +O(y4), (3)
where y ≡ (ρ − ρ0)/3ρ0. These lowest-order parameters are known as the energy per particle E0,
the incompressibility coefficient K0, the third derivative of the energy of symmetric matter Q0, the
symmetry energy Esym,0, its slope L, its curvature Ksym, and its skewness Qsym at saturation density.
Some of these parameters (E0, K0, and Esym,0) are either strongly constrained by terrestrial experiments
or have no noticeable impact on the bulk properties of NSs (see, e.g., Refs. [265, 29, 268, 271] and Ref.
13β-equilibrium is the condition of equilibrium between electrons, protons and neutrons with respect to the β-decay
and inverse β-decay processes:
n → p+ e+ ν¯ ,
e− + p → n+ ν ,
respectively. Neutrinos escape from the system. Inverse β-decay can proceed whenever the electron has enough energy
to balance the mass difference between the proton and the neutron. β-decay is blocked if the density is high enough that
all electron energy levels in the Fermi sea are occupied up to the one that the emitted electron would fill. See, e.g., Ref.
[261].
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[272] for a recent review.). The slope of the incompressibility
M0 = Q0 + 12K0 (4)
is also addressed in some works [273, 274, 267, 268]. For some results on constraints on the above
parameters from GW observations see Sect. 7.1.1.
A different way of parameterizing the nuclear-matter EoS in terms of nuclear parameters consists
in expanding in the proton fraction xp = ρp/(ρn + ρp) from pure neutron matter to symmetric neutron
matter [275].
The EoS representations discussed above are used only or mainly to describe smooth, nucleonic
EoSs and may not work very well if, at higher densities, hadrons undergo deconfinement and NSs
have a quark-matter core [276, 277, 278]. In the literature, three main effective models have been
proposed and used to address this phase (see, e.g., Refs. [279, 280] for reviews): (i) the relatively
simple MIT bag model [281, 282] (and its many variations), where quarks are treated as massless
particles confined in a bag of finite dimension through a bag pressure B (called the bag constant), a
phenomenological quantity introduced to take into account the nonperturbative effects of QCD; (ii) the
much more complicated Nambu–Jona-Lasinio model [283, 284], and (iii) a simpler, phenomenological
description that can mimic the above two sophisticated models by assuming a density-independent
speed of sound, known as constant-speed-of-sound parameterization [285, 286, 287], and that is much
better suited for numerical computations [288, 289]. The speed of sound may be a better parameter
also because it is physically constrained by both causality requirements and an asymptotic limit at
ultrahigh density, c2s → 1/3, suggested by theoretical insights [290] and perturbative QCD calculations
[291, 292]14. Alternative parameterizations of the speed of sound have been proposed and used recently
in other works [297, 298, 299, 240, 275, 296]; see Sect. 7.3.
Other models to parameterize EoSs in general have been proposed, but are currently rarely or not
used in simulations and data analysis. One is a model in which the EoS is divided into four density
regimes: a fixed crust below the nuclear saturation point, one pressure-energy relation depending on
nuclear-physics parameters (as symmetry energy and proton/electron fraction) for densities around the
saturation point, and two polytropic relations at larger densities to fit the inner core [242]15. This
parameterization was devised from considering data from photospheric-radius-expansion bursts and
quiescent thermal emission from x-ray transients [242] and cannot include EoS that allow for twin stars
[302, 303, 304] (see Sect. 7.3 for more on twin stars).
Another method combines the better-known EoS of nuclear matter at lower densities (as done in the
representations described above) with the requirement that the pressure approaches that of deconfined
quark matter at high densities [305]. This places significant further restrictions on the possible EoSs, if
one accepts the assumptions made.
Up to this point I have summarized parametric models that describe the EoS. However, as mentioned
above and as recently pointed out in Ref. [306], parametric EoS inference has limitations, due to un-
avoidable modelling errors [256, 245, 247], especially for sharp features like first-order phase transitions
(see Sect. 7.3 for more on phase transitions and hybrid stars). Given the extremely varied phenomenol-
ogy of (hybrid) EoSs, it is unlikely that any single parametric model will be able to faithfully represent
the full range of EoS variability with only a few parameters. In order to remedy these drawbacks,
non-parametric representations of the EoS have been proposed [306, 264, 265]. Non-parametric repre-
sentations do effectively involve some parameters (called hyperparameters) that control allowed types
14Note that not all agree on this limit [293, 294]. Furthermore, such an asymptotic value would probably be reached
only at densities orders of magnitude higher than the maximum densities attained in NSs, even after the merger (see, e.g.,
Refs. [31, 295]). It is likely that the speed of sound reaches a maximum at some density before tending to the asymptotic
limit [31]. Ref. [296] has recently discussed the constraints that astrophysical observations place on the speed of sound
of quark matter in compact stars .
15This representation turned out to be a generalization of that of Refs. [300, 301].
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of functional behaviour, but their coverage of the space of EoSs is much larger than that provided by
a parametric model. The key difference between parametric and non-parametric models is that the
faithfulness of the representation increases with the number of parameters in the former case, while in
the latter case it scales not with the number of hyperparameters but with how representative the input
knowledge (in the specific case, the set of EoSs) used to constrain the functional behaviour is. It can
then be expected that systematic errors are much smaller in non-parametric representations, if the a
priori knowledge is realistic and accurately input.
One example of non-parametric representations is the metamodel for the nucleonic EoS of Refs.
[264, 265]. A metamodel, or surrogate model, is a model of models, i.e. a simplified model of actual
models, EoS representations in this case. Conceptually, a metamodel is like building a hypersurface from
a limited amount of known data from the underlying models and approximating the output over a much
wider parameter space. Metamodels have to be evaluated with respect to their goodness (how well they
fit a set of data) and there is no proof of existence or of uniqueness in general. Some of the advantages
of this metamodel of Refs. [264, 265] are that (i) it covers a wider space of EoSs, which may not be
covered by the underlying models or by specific elements like specific EoSs (as opposed to parameterized
EoSs) or experimental data; (ii) it allows the incorporation of knowledge on nuclear physics acquired
from laboratory experiments or the results of complex ab initio models; (iii) it can easily be used in
the Bayesian framework, facilitating the estimation of the experimental and theoretical error bars into
confidence levels for the astrophysical observables. Refs. [264, 265] even argue that predictions done
with their metamodel are without assumptions on the functional form of the EoS and only require
that the EoS is nucleonic and satisfies basic physical constraints, like thermodynamical stability and
causality, and therefore can be qualified as model independent.
As a final addition to this Section, note that all recent works on NS EoS, especially those reviewed
in Sect. 7, impose physical limits on the parameterizations used. In particular, the following is required
for viable EoSs.
(1) Causality: The speed of sound must be less than the speed of light everywhere, in particular up
to the central pressure of the heaviest NS supported by the EoS16.
(2) Observational consistency: The EoS allows for a maximum stellar mass equal to or larger than
the largest observed mass of a NS. Among the observations and inferences therefrom that are well-
understood and therefore reliable, it has been recently announced in April 2019 that a NS of estimated
mass 2.17 ±0.110.10 M was observed in PSR J0740+6620 [310]. The other highest NS masses reliably
observed up to now are 1.908 ± 0.016M in PSR J16142230 [311, 63] and 2.01 ± 0.04M in PSR
J0348+0432 [312]. Different works published before April 2019 use different, more or less conservative,
values for such lower limit to the maximum mass to be reached by NSs, spanning from 1.93 to 2.01M.
Note that in Bayesian analyses also observations of record masses should be treated with a likelihood-
based procedure, which includes multiple observations and the error on their measurements, rather than
strict bounds [254], as already done in Ref. [313].
(3) All NSs are described by the same EoS17.
2.5 Other compact objects possibly similar to neutron stars
Up to this point, I have focused only on compact stars made of ordinary matter, usually referred to in
general as NSs. In this subsection I will briefly introduce other possible exotic objects that could mimic
NSs (and some of them also black holes, actually), to the point that current or near-future observations
may not be able to make a distinction. Such exotic objects are of course interesting on their own and
16General limits imposed by causality have been known for a long time [307] and applied to the tidal deformability
[308, 309] also before the GW170817 event.
17This last requirement was actually not imposed in the detection article for GW170817 [1], but only later, in analyses
by the LIGO-Virgo Collaborations [220, 314] and by others (see Sect. 7.1).
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not only in comparison to NSs. Research on these astrophysical objects may, for example, give hints
on the nature of dark matter, help identify quantum effects that could halt collapse to black holes and
thus prevent the formation of spacetime singularities, or contribute to solve the information problem
in black-hole physics (loss of unitarity in Hawking evaporation). See Refs. [315, 86] for reviews on all
these topics and more.
Perhaps the most popular alternative proposal is that of boson stars [316, 317], which are compact,
stationary configurations of a scalar field bound by gravity. There have been several proposals about
what such a scalar field could be, like the Higgs boson [318, 319] or axion particles [320]. Boson stars
could either be composed of stable fundamental bosonic particles bound by gravity, or of unstable
particles for which a process inverse to their decay is enhanced by gravitational binding and becomes
efficient enough to reach equilibrium, similarly to what happens with β-decay in NSs. Boson stars may
have formed through gravitational collapse during the primordial stages of the big bang [321, 322, 323].
Boson stars made of axions are also called axion stars [324, 325]. While yet unobserved, axions
are supported and motivated by theory, since they solve the strong CP problem of QCD [326], arise
naturally in string theory compactifications (see, e.g., Ref. [327]), and are candidates for dark matter
[328]. Another example of boson stars mentioned later in this review is Proca stars [329], which are the
vector analogues of the scalar boson stars.
Other hypothesized compact objects are gravastars (short for gravitational vacuum condensate star)
[330], which are made of a thin shell of matter with radius very close to its Schwarzschild radius. Inside
it, a phase transition originated by the collapse of the original massive star would form a core described
by a metric (de Sitter metric) that has a repulsive effect that stops the collapse, thus preventing the
birth of both a singularity and an event horizon (see again Ref. [315] for a review and, e.g., Ref. [331]
for a shorter summary of work on gravastars). Very recently, another type of compact objects that may
mimic black holes and compact NSs has been proposed in Ref. [332] and named nonlocal stars.
See Sect. 6 for current results on the possibility to distinguish observationally these exotic binaries
from binaries composed of stars made of ordinary matter. Some comments on the possibility and the
effects of accumulation of dark matter in NSs will be made in Sects. 4.1, 6 and 7.4.
2.6 Universal relations for neutron stars
In works about the connection between GW observations from BNS systems and the EoS at supranuclear
density, several empirical relations (found through numerical-relativity simulations) between physical
quantities of NSs and observed quantities are used. Often the term employed to address them is
universal relations. This subsection contains an introduction to such relations.
Universal here means approximately independent of the EoS. There are two types of such relations:
relations that connect different physical quantities of a NS isolated or in a binary system (like radius,
mass, moment of inertia, tidal deformability; see Sect. 3.1 for definitions) among themselves and
relations that connect physical quantities of BNS systems (like the compactness C ≡ M/R of the
component stars) with quantities that can be measured directly (like the main frequency of the post-
merger GW spectrum) in GW detectors.
Relations of the former type often have interesting names, like the I-Love-Q relations [333, 334,
335, 336, 337], which connect the moment of inertia I, the Love number [which is related to the tidal
deformability; see Eq. (7)] and the quadrupole moment Q of a NS. Such universality may originate
from the fact that these relations depend most sensitively on the internal structure far from the core,
where all realistic EoSs are rather similar. The universality is found to hold at the 1% level, except in
exotic cases, like bare solid quark stars [338, 339, 340] (but even in this example they hold at the 20%
level), but it may be affected by strong magnetic fields [341, 335] and large differential rotation [335].
Also, theories of gravity different from general relativity predict different relations18.
18This fact can actually be taken advantage of for testing general relativity versus other theories of gravity [333, 334,
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Other relations of this type are the C-Love relations [333, 334, 348, 335, 349] between the compactness
and the Love number of a NS. They hold at the few percent level for all EoSs on which they were tried,
including those with phase transitions [350]. Still another is the I−C (moment-of-inertia–compactness)
relation [351, 352, 346, 353], which was actually the first to be found, but possesses a lesser degree of
EoS insensitiveness (accurate at the 10% level) [354, 335], unless improved (to the several percent level)
with a different normalization [355]. More general relations between the lowest few multipole moments
of NSs have also been found [336, 356, 357]. A relation, holding at the level of a few percent, between
the total mass of the binary and the angular momentum in the remnant has been presented in Ref.
[358].
Then, the binary Love relations, often used in the analysis of the data of GW170817, connect the tidal
deformabilities of the two stars in a BNS system19 ΛA and ΛB [361, 362, 363, 364, 365, 359, 360, 350].
They hold at about the 20% level for nucleonic EoSs, but it has been shown that, as intuition may
suggest, they do not hold for EoSs with phase transitions when one star in the binary is a NS and
the other a hybrid star [289, 366, 367, 350] (see also Sect. 7.3). Making use of combinations of the
above-mentioned relations, R-Love (NS-radius–Love-number) relations have been proposed [350].
Belonging to the other type of universal relations is, for example, the relation between the tidal
deformability and the frequency of the merger of a BNS system, defined as the instantaneous GW
frequency at the time when the amplitude reaches its first peak. This relation was first found in Ref.
[71] and later confirmed by more advanced and comprehensive works [368, 369, 370, 371, 372, 373].
It had been shown to hold at around the 1% level, but a work posted to arXiv.org just before this
review was accepted for publication revised the relative error between data and (an improved) fitting
formula to 3%, through resolution studies that included also a more varied set of binaries, in particular
with more varied mass ratios [373]. Furthermore, the relation is found to hold only for equal-mass or
very nearly equal-mass binaries [371, 373] and it has not been tested yet for magnetized and/or highly
spinning binaries.
A similar relation [71, 374, 373] was found between the tidal deformability and the GW amplitude
at its first peak, which defines the merger of a BNS system, as said above. It has been shown to hold
at the 4% level [373].
Another set of universal relations, with different degrees of reliability, has been found to connect
the frequencies of the main peaks of the power spectral density of the post-merger GW signal with
properties (radius at a fiducial mass, compactness, etc.) of a spherical star in equilibrium [375, 376,
377, 378, 379, 370, 369, 380, 120, 122, 381, 371, 382, 383, 373] (see Sect. 4). The spin of the NSs in the
inspiral has been found to affect these relations [384, 369, 146, 385], that otherwise hold at the ≈ 10%
level for EoSs without phase transitions.
Other relations have been found between the threshold mass for prompt collapse, the maximum
mass for a nonrotating NS and its radius [386, 358, 387, 388] (see Sect. 4), between the quantity κT2
[defined in Eq. (14)], which parameterizes the late-inspiral of tidally interacting binaries, and the main
peak of the post-merger GW spectrum [369] (again, see Sect. 4), and between the total gravitational
radiation emitted in a merger event and the angular momentum of the remnant [160, 373].
Still other universal relations have been found between the frequencies of the fundamental modes
(f-modes) of oscillation of stars and certain combinations of the stellar mass and radius [389, 390, 391,
392, 393, 394, 395, 396, 397]. The best of these relations hold at the 1% level [394, 395, 396]. Combining
these with the I-Love relation, it is possible to find a universal relation between the f-mode oscillation
frequency and the tidal deformability [395, 335, 398].
342, 343, 344, 345], if one can obtain for a given NS independent measurements of two of the quantities involved in the
relations, e.g., the Love number through GW observations and the moment of inertia or the quadrupole moment through
observations of binary pulsars [346, 347] or x-ray binaries [49, 62, 63, 64, 65].
19Similar relations have been proposed that are valid for any two NSs (that have the same EoS), independently of
whether they are in a binary system or not [359, 360].
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As mentioned above, these universal relations are in fact not literally universal, since they have
some (small) levels of dependence on the EoS. Hence, if, on one side, using these relations in data
analysis allows to perform estimates impossible otherwise (see the rest of this review), on the other side
they do include further uncertainties in the analyses. In some cases, the issue has been addressed by
marginalizing over the EoS variability, for example when inferring the NS radii of GW170817 employing
binary Love and C-Love relations [399]. Since in current detectors statistical uncertainties in parameter
estimation are much larger than systematic errors added by using these universal relations, such a
marginalization procedure is not a noticeable handicap, but, in order to be useful with the higher
sensitivity of (near) future detectors and the large number of expected observations, more accurate
universal relations will be necessary [350]. On the other hand, the observations themselves will impose
more and more stringent constraints on the EoS, and the reduced allowed space of EoSs will allow to
decrease the number of EoSs used for computing the uncertainties in the universal relations and thus
decrease their variability [350]. For example, by imposing the 90% credible region constructed from the
posterior probability distributions on the pressure-density plane [314, 247] obtained from GW170817,
it has been found that the EoS insensitivity increases by a factor of ∼ 60% in the binary Love relations,
by a factor of ∼ 70% in the C-Love relations, and by factors of ∼ 50% in the I-Love-Q relations [350].
3 Extracting information on the equation of state from grav-
itational waves emitted before the merger
The dynamics of BNS systems around merger depend on the EoS of ultrahigh-density matter. Essen-
tially two methods to link the observed GWs to the NS EoS have been studied. One method uses tidal
deformations during the last orbits before merger [68, 69, 70, 400, 401, 140, 71, 334, 67, 402, 245, 403,
404, 405, 406, 407, 408, 409, 410]; tidal deformations have been measured for GW17081720 [1, 220, 314].
The other method uses the spectra of the gravitational radiation of the post-merger object (if it does
not collapse to a black hole too soon) [375, 376, 377, 378, 379, 370, 369, 380, 371, 382]. More energy
may be emitted in GWs in this phase than in the inspiral, but, because of their higher frequency, their
signal-to-noise ratio in current and projected detectors is smaller than in the inspiral.
In this Section I will focus on the first method.
3.1 The basic idea
Stars in a binary system undergo tidal deformations that become larger as they get closer. These
deformations affect the orbital trajectory of the binary and thus the emitted GWs [412, 413], encoding
in the latter the NS EoS. Tidal deformations are described through the tidal deformability coefficient
defined as the proportionality constant λ between the external tidal field Eij (the field generated by the
companion star) and the quadrupole moment of the star Qij [68, 69, 70, 71, 334]:
Qij = −λEij . (5)
However, tidal deformations are more usefully described through the dimensionless tidal deformability21
Λ ≡ λ
M5
, (6)
20Note that one analysis suggested that the noise in the high-frequency region of the data from the Livingston LIGO
interferometer may have corrupted information about the tidal deformability estimated for GW170817 [411].
21Here and in the other equations below I use geometric units, in which G = c = 1, unless otherwise stated.
15
where M is the stellar mass. Equivalently, this can be written as
Λ ≡ 2
3
κ2
(
R
M
)5
, (7)
where κ2 is the quadrupole Love number and R the stellar radius. This gives the quadrupole component
of Λ, which can be calculated via the following expression [69, 414, 334]
Λ =
16
15
(1− 2C)2[2 + 2C(y(R)− 1)− y(R)] ·{
2C[6− 3y(R) + 3C(5y(R)− 8)] + 4C3[13− 11y(R) + C(3y(R)− 2) + 2C2(1 + y(R))] +
3(1− 2C)2[2− y(R) + 2C(y(R)− 1)] ln (1− 2C)
}−1
, (8)
where C ≡M/R is the stellar compactness and y(r) satisfies the differential equation
dy
dr
=
4(m+ 4pir3p)2
r(r − 2m)2 +
6
r − 2m −
y2
r
− r + 4pir
3(p− ρ)
r(r − 2m) y −
4pir2
r − 2m
[
5ρ+ 9p+
ρ+ p
(dp/dρ)
]
, (9)
where p and ρ represent pressure and mass density, respectively, and
m(r) ≡
[
1− e−γ(r)] r
2
, (10)
where γ(r) is in the definition of the metric coefficients [415]
ds20 = −eν(r)dt2 + eγ(r)dr2 + r2(dθ2 + sin2 θdϕ2) . (11)
Eq. (9) can be solved for a given EoS together with the Tolman-Oppenheimer-Volkoff (TOV) equa-
tions [416, 417], which describe spherically symmetric stars in static equilibrium in general relativity.
Appropriate boundary conditions need to be imposed [69].
In general, the extraction of higher-order GW parameters (like tidal deformabilities) from the GW
signal is difficult because these parameters can be efficiently extracted only in the late part of the
inspiral, which may not be very long, and because there exist degeneracies between different higher-
order parameters, like the individual NS spins and the tidal polarizability22. Moreover, because of the
strong correlation between the two tidal deformabilities, ΛA and ΛB, associated with each star in a
binary, it is challenging to extract them separately from the gravitational waveform, unless one assumes
some empirical universal relations connecting ΛA and ΛB [364, 361, 362, 365, 350], which may add
uncertainties to the estimates, as said in Sect. 2.6. Also, as mentioned earlier, it has been shown that
such universal relations do not necessarily hold for EoSs with phase transitions [289, 367, 350].
What can be more easily directly measured from BNS waveforms is the dominant23 tidal parameter
in the waveform, corresponding to the mass-weighted average tidal deformability (also called effective
tidal deformability) given by [418]
Λ˜ =
16
13
(mA + 12mB)m
4
AΛA + (12mA +mB)m
4
BΛB
(mA +mB)5
(12)
22This is why the tidal deformabilities estimated by the LIGO-Virgo Collaborations were separated in a low-spin and
a high-spin scenario [1, 220, 314].
23More in detail, the lowest-order post-Newtonian correction (see Sect. 3.2) of ΛA and ΛB can be written as Λ˜ and
another parameter δΛ˜, whose contribution, however, is very small (δΛ˜/Λ˜ . 0.01) and can be ignored, also because it
cannot be extracted from data of current detectors [67, 402].
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or, equivalently,
Λ˜ =
16
13
(1 + 12q)ΛA + (12 + q)q
4ΛB
(1 + q)5
, (13)
where q ≡ mB/mA(≤ 1) is the ratio of the masses of the two stars in the binary.
Another useful related quantity that is part of some universal relations (see Sects. 2.6 and 4.1) is
κT2 ≡ 2
( 1
q4(1 + 1/q)5
κA2
C5A
+
1
q(1 + 1/q)5
κB2
C5B
)
, (14)
where κA,B2 are the quadrupole Love numbers of the two stars of the binary, respectively, and CA,B are
their compactnesses [369]. It has been shown that the dimensionless GW frequency depends on the
stellar EoS, binary mass and mass ratio, only through this tidal coupling constant κT2 [369].
An alternative way to gain information on the tidal deformability from detector data would be to
extract the (mass-independent) coefficients of a Taylor expansion of the tidal deformabilities about some
fiducial mass [419, 401, 361, 362]. This parameterization, however, can be efficiently applied only to
systems whose NS masses are close to the fiducial mass, otherwise, the systematic error on the leading
tidal coefficient due to mismodelling the tidal deformability can dominate the statistical one. This
drawback, on the other hand, may be compensated and overcome by combining the information from
multiple events (also with different masses), which can be done easily with this method. However, a
sensitivity higher than that of current detectors would be necessary to accurately measure any of these
coefficients.
Since the Taylor expansion of the tidal deformabilities just mentioned has not been used yet in
practice, I will focus on the use of the mass-weighted average tidal deformability. Reducing the tidal
parameters to one (Λ˜) allows for better statistical estimations, but of course some physical information
about the two stars is lost. As mentioned in Sect. 2.6, a way around this problem was proposed in Ref.
[361], that showed the existence of an EoS-insensitive relation (with variations of at most 20%) between
symmetric and antisymmetric combinations of the tidal deformabilities
Λs ≡ ΛA + ΛB
2
, Λa ≡ ΛA − ΛB
2
. (15)
These binary Love relations [e.g. Λa(Λs)] allow to compute the individual tidal deformabilities from
the mass-weighted average tidal deformability. A simple Fisher analysis has shown that the binary
Love relations improve parameter estimation of the individual tidal deformabilities by up to an order of
magnitude with respect to estimations done by extracting ΛA and ΛB from the data directly [361, 362].
Modified binary Love relations for specific purposes have also been proposed [363, 359, 360].
As an important note on this introductory material, it may be useful to notice that the relationship
between the tidal deformability Λ and the radius R cannot be simply derived from Eq. (7), namely
Λ is not necessarily proportional to R5, because the quadrupole Love number κ2 also depends (and
differently for each EoS) on the radius in a complicated manner, determined by differential equation
(9) coupled to the Tolman-Oppenheimer-Volkov equations [416, 417]. A few empirical model-dependent
estimations for such a relation [420, 421, 422, 30, 267, 364, 31] found exponents between 5.28 and 7.5.
Even if the correlation between radii and tidal polarizabilities for different EoSs is tight, these two
quantities provide complementary information, since for a given tidal polarizability, different EoSs may
lead to somewhat different radii [31]. Also, it has been shown that these relations have errors of 5% or
more for hybrid EoSs [367].
If, on one hand, the mass-weighted tidal deformability depends strongly on stellar radius, on the other
hand it was recently found that, if the chirp mass24 is specified, the mass-weighted tidal deformability
24As mentioned earlier, the chirp mass can be extracted very accurately.
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Figure 4: Mass-weighted average tidal deformability [Eq. (12)] of a binary system as a func-
tion of the radius of the primary NS. The tidal deformability is calculated for various primary
masses (corresponding to the different symbols) using several proposed EoSs (corresponding
to the different clusters of radii). The mass of the secondary NS is computed assuming
the chirp mass. The horizontal dotted line indicates the observed 90% confidence upper
limit on the effective tidal deformability (from the original LIGO-Virgo analysis [1]). The
narrow solid band (which is indistinguishable from a single curve) is some quasi-Newtonian
expression for the binary tidal deformability [423] for 0.7 < q < 1.0. (From Ref. [423])
is approximately independent of the component masses for a BNS merger [423]. This empirical result
was obtained by calculating the tidal deformabilities for several EoSs after choosing various values for
one of the component masses in such a way that they lie within the mass range inferred for GW170817.
The corresponding values for the mass of the other component star were calculated from the chirp
mass measured for GW170817. The results of Ref. [423] are summarized in Fig. 4, where one sees, for
example, that the upper limit25 of Λ˜ < 800 [1] immediately excludes radii above ≈ 13 km at the 90%
confidence level, without requiring detailed knowledge of the component masses (m1 in Fig. 4).
This idea of Ref. [423] came from using the I-Love-Q relations between stellar compactness and
tidal deformability [333, 334, 335] (see Sect. 2.6) to express the mass-weighted tidal deformability of
the binary as a function of component masses and stellar radii.
Let me conclude this introductory Subsection by mentioning that, in addition to measurements based
on the tidal deformability, other ways to gain information on the interiors of NSs from GW observations
have been proposed, even if they require higher sensitivities and thus may be applicable only when third-
generation detectors [234, 235, 233]) become operational. Some of these studies involve tidal excitations
of resonant modes [424, 425, 426, 427, 428, 429, 430, 431, 432, 433, 434], gravitomagnetic excitations of
resonant modes [435], resonant shattering of the NS crust by tides [436, 437] and non-linear tidal effects
25Note that the value Λ˜ < 800 was incorrectly reported in the detection article of GW170817 [1]: The corrected value
in the case of the low-spin prior was Λ˜ ≤ 900, but the analysis of Ref. [423] and others made before the publication
of the correction [220] could not but use the mistaken value. See also Sect. 7.1. Ref. [423] and others also used the
original value given for the chirp mass Mchirp = 1.188
+0.004
−0.002M in Ref. [1], which was later revised in Ref. [220] to
Mchirp = 1.186± 0.001M.
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[438].
3.2 Applications to data analysis
One needs to treat carefully many aspects of the basic idea delineated in the previous Subsection when
applying it concretely to GW data. Estimating the parameters of BNS systems during the inspiral
phase is based on matched filtering: the GW data stream is cross-correlated with theoretically predicted
template waveforms (approximants) for different possible physical parameters. These trial waveforms
need to be accurate to allow for correct estimates of the stellar masses and spins, and of the internal
structure of the stars. This is especially true for the very last orbits before the merger, where instead
approximants become increasingly inaccurate (see, e.g., Refs. [400, 67, 402, 405, 408, 409, 439, 440, 441]).
As it can be easily imagined, approximants that do not consider tidal effects are not sufficient, especially
for spinning BNS systems or stiff EoSs. For example, it was estimated that for searches in Advanced
LIGO at design sensitivity neglecting tidal effects would cause roughly a 5% additional loss of signals
[442]. Furthermore, for spinning systems (spin parameter χ ≡ J/M2 & 0.1, where J is the NS angular
momentum and M its mass), in order to reduce mismatches to an acceptable level, it is crucial to
include spin-induced and EoS-dependent higher order terms [443, 444] in the waveform approximants
[410, 445, 439, 440, 441, 446, 447]. Approximants including nonprecessing (namely aligned to the orbital
angular momentum) stellar spins and self-spin effects have become available recently [439, 440, 441].
Figure 5 offers an illustration, based on computations, of which frequency ranges are the most
important for extracting information about intrinsic binary parameters. Considering that the maxi-
mum sensitivities of interferometric detectors are for frequencies . 1 kHz, one immediately sees that
information about tidal parameters accumulates where the detectors are not at their best sensitivity.
Another issue is the fact that the computation of trial waveforms needs to be efficient and fast,
because source properties are generally inferred via a coherent Bayesian analysis that involves repeated
cross-correlation of the measured GW strain with predicted waveforms [448]. Computational efficiency
is crucial also because BNS systems are visible by GW detectors for a long time, several seconds or even
minutes before the merger. Another development that would help data analysis would be producing
approximants that include also the post-merger regime consistently, but no such model exists yet (see
the end of Sect. 4.2 and Sect. 5 for related work).
A few types of waveform models have become the standard in GW analysis: post-Newtonian,
effective-one-body (EOB) [449, 450] and the Phenom models [451, 452]. Post-Newtonian expansions are
approximate solutions, valid for weaker fields, of the Einstein field equations. The expansion is made
in parameters that are small when the approximation is valid, like the velocity v of the objects (for
the binary systems considered in this review it would be the relative velocity of binary constituents)
with respect to the speed of light or deviations from a background metric. A post-Newtonian term of
order n is proportional to v2n relative to the leading-order term in the expression (see Ref. [453] for an
introduction). In post-Newtonian expansions, the GW signal can be approximated by imposing that
the power radiated by a binary system in GWs is equal to the change in the energy of the binary. Even
if physically tidal effects are present even in a Newtonian description, in the post-Newtonian framework,
the lowest-order tidal effects appear as terms of the fifth post-Newtonian order. However, point-mass
terms for binaries are currently only known to fourth order in the dynamics [454, 455] and only to
order 3.5 in the GW phasing [453], and this lack of complete information has raised concerns about
systematic errors in GW measurements of tidal effects [402, 67, 357].
In order to solve this problem, two classes of effective or phenomenological models for point-mass
binaries that to some extent include all post-Newtonian orders in an approximate way have been devel-
oped: the EOB model [449, 450] and the so-called Phenom models [451, 452, 456, 457]. Both approaches
combine analytical results with information from numerical relativity simulations and, while address-
ing the problems of the systematic errors of the post-Newtonian expansion, they may introduce other,
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Figure 5: Illustration of where in frequency the information about intrinsic binary parameters
predominantly comes from. The quantity shown on the y-axis is a normalized quantity
characterizing the accumulation of information about the binary parameters (see Ref. [410]
for details) per logarithmic frequency interval. The zero-detuned high-power configuration
of Advanced LIGO is used and each curve is normalized to its maximum value. (From Ref.
[410])
smaller, systematic errors (which can be assessed by comparison with numerical relativity simulations).
The Phenom models are phenomenological waveforms that approximate a set of hybrid waveforms
constructed by matching numerical-relativity waveforms with analytical post-Newtonian waveforms26
[451, 452, 456, 457, 406].
The fundamental idea of the effective-one-body method consists in representing the two-body dy-
namics by those of a single effective particle in an effective potential. In practice, the dynamics and
GWs from a binary are computed by solving the coupled system of ordinary differential equations for
the orbital motion, GW generation, and radiation backreaction in the time-domain. Tidal effects have
been fully incorporated in the effective-one-body model [458, 459, 460, 461, 462, 463, 430, 429], including
for (nonprecessing) spinning binaries [439, 440, 441]. Refinements and calibrations of the models are
performed by comparison with numerical-relativity simulations [464, 465, 466, 467], which suggest that
further improvements of the tidal effective-one-body models are still necessary for a satisfactory descrip-
tion of the signal [468, 382, 409, 445], at least in some regions of the parameter space of BNS systems.
For example, a full Bayesian analysis determined that different tidal and point-particle/binary–black-
hole descriptions for the waveform approximant yield estimated tidal parameters that can differ by more
than a factor of two [409] (see also Sect. 3.3). Furthermore, the effective-one-body model still has a
rather high computational cost per waveform [445].
Solutions to the latter problem may come from reduced-order-modelling techniques [469], which,
however, also add further complexity, from additional inclusion of numerical-relativity results, or from
other modelling techniques complementary to the effective-one-body model, like those in Refs. [470,
26In general, hybrid waveforms are constructed by matching numerical waveforms with some approximant of the general-
relativistic equations.
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471, 472, 473]. In the future numerical-relativity–based waveform models will likely be the ones that
allow more precise and stringent extraction of the source properties [445].
3.3 Estimates about inspiral waveforms
Starting from the work27 of Ref. [71], which quantified data-analysis estimates of the measurability
of matter effects in gravitational waveforms from NS binaries with different EoSs (approximated as
piecewise polytropes) by analysing numerical waveforms produced with codes of different groups, with
different numerical setups, and combined with detector noise curves, it was made clear that it is actually
possible to measure the tidal deformability (and the radius) of compact stars from BNS inspirals with
current detectors.
By using hybrid waveforms constructed as a match between the numerical waveforms at higher fre-
quencies and some approximant waveform (see previous Section) at lower frequency, Ref. [71] found that
for Advanced LIGO the radius of a NS can be estimated with an error of δR ' 0.5 km×(Deff/100 Mpc),
or δR/R ' 5%× (Deff/100 Mpc), where Deff is the effective distance to the source. Hybrid waveforms
have been later noticeably improved by using better numerical-relativity simulations (higher resolutions,
smaller initial orbital eccentricity28), better approximants (resummed post-Newtonian expressions [406],
tidal effective one body [407]), either in the time domain [406] or directly in the frequency domain [407].
Through comparison with numerical-relativity simulations, these works obtained tidal corrections to
the GW phase and amplitude that can be efficiently used in data analysis.
The studies of Ref. [71] relied on the Fisher matrix approximation, which holds for loud signals.
However, making strong statements about estimating source parameters requires a full Bayesian anal-
ysis. With more sophisticated Bayesian statistical analyses and/or increasing amounts of (physical and
detector) details taken into account, other works later confirmed that for NS binaries with individual
masses around 1.4M, the dimensionless tidal deformability Λ could be realistically determined with
about 10% accuracy by combining information from about 20− 100 sources, depending on assumptions
about the BNS population parameters (for example, if one considers also nonzero spins for the initial
NSs the necessary number of sources is higher) [401, 140, 402, 67, 245, 403, 405].
In particular, the first Bayesian study for the estimation of tidal deformability parameters was
carried out in Ref. [401]. Using post-Newtonian approximants that included tidal corrections up to the
sixth post-Newtonian order, they concluded that tens of detections are required to constrain the tidal
deformability parameter to an accuracy of ≈ 10%. If one expresses the tidal deformability as a linear
expansion in mass, this would allow to distinguish between different types of EoSs at that accuracy
level; however a caveat is necessary here, since EoSs with phase transitions do not necessarily allow for
such a linear expansion (see Sect. 7.3 for further discussion).
Following Ref. [401], an analytical approach to study the systematic and statistical uncertainties
arising from neglecting physical effects in the estimation of the Love number of NSs (and so of their
tidal deformability) was made by Refs. [67, 402]. It was found that relevant estimation biases that
exceed statistical ones are introduced (i) if post-Newtonian terms of order 4 and higher are neglected,
(ii) if even relatively small spins (χ ≥ 0.003) are not taken into account, and (iii) if eccentricities larger
than about 10−3 are neglected. Other biases may originate from inaccurate numerical simulations if
they are used to tune the approximants, even if in the most advanced numerical-relativity codes these
are relatively under control [486, 374, 373].
27Previous works [68, 474, 460] had already suggested that information on EoSs from the inspiral waveforms could be
obtained with future detectors, but these were based solely on theoretical considerations and did not employ numerical-
relativity simulations and a detailed treatment of detector noise.
28In BNS systems born bound, GW emission reduces the eccentricity [475, 476, 477] to smaller values, but compact
binaries formed through dynamical scattering and dynamical capture in dense stellar environments could have non-
negligible eccentricity [478, 479, 480, 481, 482, 483, 484] in the LIGO band (see, e.g., Ref. [477, 485]).
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In further developments, Ref. [245], provided a method to estimate the EoS parameters for piecewise
polytropes by stacking tidal-deformability measurements from multiple detections and concluded, in
accordance with previous estimates, that a few bright sources would allow to constrain the NS EoS.
Ref. [404], however, showed that stacking multiple detections with moderately low signal-to-noise ratio
should be carried out with caution as the procedure may fail when the prior information dominates
over new information from the data.
Ref. [403] then found similar results after extending the previous analysis [245] by including a
larger number of simulated BNS signals and taking into account more physical ingredients, such as
spins, the quadrupole-monopole interaction (this did not affect parameter estimation for the considered
configurations), and tidal effects to the highest known order. In addition, the tidal deformability
parameter was expanded to include up to a quadratic function of mass.
Using Bayesian model selection analysis, Ref. [404] found that detectors like Advanced LIGO and
Virgo can heavily constrain EoSs containing only quark matter (with a signal-to-noise ratio of ≈ 20),
but hybrid stars (see Section 7.3) would be more difficult to distinguish from hadronic stars, because
they differ only at higher densities, that contribute less to the tidal deformability. They considered kaon,
hyperon, and hybrid EoSs with exotic matter parameters within the range allowed from experiments
and theoretical calculations. They concluded that the presence of kaon and hyperons cannot be easily
confirmed (but easily excluded).
Many of the works mentioned above (which date to before the detection event GW170817) were
carried out by using piecewise-polytropic parameterizations of the EoS [103]. As already mentioned in
Sect. 2.4, however, it had been shown in Ref. [245] that near the fixed joining densities of the piecewise-
polytropic representation systematic error arises that may exceed statistical error. Refs. [220, 247]
extended the work of Ref. [245] by using also a spectral EoS parameterization29 [256] (see Section 2.4),
which does not have such problems, for analysing the data of GW170817 (for more on estimates from
GW170817 see Sect. 7). In particular, in Ref. [247] it was found that both the piecewise-polytropic
and spectral EoS parameterizations allow to recover consistent tidal information from the simulated
signals, but, as expected, the spectral model allows for smaller errors.
In Ref. [220], in addition to the adoption of the spectral representation of the EoSs, by probing
different mass-ratios for non-spinning signals with a tidal effective-one-body–based model [429], it was
concluded in an exhaustive Bayesian analysis that for GW170817 the systematic uncertainties due
to the modelling of matter effects are smaller than the statistical errors in the measurement. Also
through Bayesian inference, Ref. [408] investigated numerical-relativity–based tidal waveform models
and showed the importance of the inclusion of tidal effects for the extraction of the NS masses and
spins from the GW signal for high signal-to-noise ratios. They found that inaccurate modelling of tidal
effects in the analysis of the inspiral GW signal for stiff EoSs leads to a large bias in the measurement of
the masses and spins. They also studied whether omitting the post-merger waveforms from the global
analysis of the signal leads to significant loss of information, or possibly to biases in the estimation
of the source properties, and concluded that, as expected but not rigorously shown before, the post-
merger part has no impact on GW measurements with current detectors for the signal-to-noise ratios
considered.
Ref. [408] stated that systematic errors in the analysis are under control, but Ref. [409] pointed
out that in some cases there may be potential systematic biases during the extraction of parameters,
from non-spinning sources as well. By experimenting with many different approximants, they found
that for unequal-mass binaries30, while the mass and spin recovery shows almost no systematic bias
with respect to the chosen waveform model, the extracted tidal effects can be significantly biased, up
to a point where the injected value is not contained within the 90% credible interval. In particular,
29However, Refs. [220, 247] have not adopted the latest developments in such a spectral representation, namely the
self-imposition of the causality constraint [241, 259].
30For equal-mass binaries sufficiently similar predictions with any modelling were found.
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they concluded that, generally, post-Newtonian approximants predict NSs with larger deformability and
radii than models tuned by using numerical-relativity simulations. Furthermore, it was highlighted that
the use of higher post-Newtonian orders in the tidal phasing does not lead to a monotonic change in
the estimated properties [409]. Their remarkable note of caution states that for a signal with strength
similar to GW170817, but observed with design sensitivity by the Advanced LIGO and Virgo detectors,
different tidal descriptions of the waveform approximant yield estimated tidal parameters that can differ
by more than a factor of two (see also Ref. [410]). This could lead to misclassification of the observed
system (NS binaries, black-holes binaries, or NS–black-hole binaries). Thus, further improved waveform
models with improved tidal descriptions are imperative for characterizing unequal-mass mergers.
Other notes of caution have been rung, among others, by Ref. [487], which found that the posterior
distribution of the tidal deformability is strongly affected by the choice of the maximum frequency
considered in the analysis, and by Ref. [240], which found that the choice of parameterization of the
EoS (see Sect. 2.4) can have a significant effect on posterior EoS constraints inferred from GW data.
Also, the effect of precession in the late inspiral has been found, through numerical simulations, to be
visible in the GW signal [146], even if it may be of secondary importance in practical cases, since it is
appreciable only for edge-on systems, which are harder to detect because of the smaller observable GW
strain for such inclinations.
More comprehensive Bayesian analyses have been performed that include not only gravitational
emission from GW170817, but also the related electromagnetic emission [488, 387, 489, 490, 491, 492,
493], but these are not treated in detail in this review (see also Sect. 7).
In the previous paragraphs, I reported the main advances in estimations from the inspiral waveforms,
especially as far as statistical treatments (Bayesian techniques) are concerned. In addition to these, the
work of Ref. [71], described at the beginning of this Subsection, has been improved in other ways as well.
Ref. [405] has quantitatively improved its computations and estimations in two principal directions.
First, they employed new numerical-relativity simulations of irrotational binaries with longer inspirals
(i.e. 14 − 16 orbits) and higher accuracy both in the initial-data setup (i.e. residual eccentricity of
the order of 10−3). Second, they included in the analysis lower frequencies, down to 30 Hz , to which
ground-based detectors like Advanced LIGO and Virgo are reasonably sensitive. They also adopted
additional EoSs. Results were very similar to those of Ref. [71], namely that deformability Λ and
radius can be determined to about 10% accuracy for sources at 200 Mpc.
More recent works [406, 407] noticeably improved procedures for efficient data analysis of the pre-
merger signal in relation to tidal deformations. In particular, Ref. [407] found that the statistical error
for the measurement of the mass-weighted tidal deformability is more than six times larger than the
systematic error for a signal-to-noise ratio of 50. They also showed that the statistical error for the
measurement of the mass-weighted tidal deformability is larger than the variation of the mass-weighted
tidal deformability with respect to the mass ratio even for signal-to-noise ratio 100 (see also the last
paragraphs of Sect. 3.1 and Fig. 4). This suggests that even for events with signal-to-noise ratio 100,
the systematic error in current waveform models is unlikely to cause serious problems in the parameter
estimation [407].
3.4 Eccentric mergers
As briefly mentioned in Sect. 3.3, BNS systems that have evolved without close interaction with other
stars are thought to have lost, by the time their GW signals enter the detectability range, any significant
initial eccentricity they may have had through the emission of gravitational radiation [475, 476] and
therefore to have very small orbital eccentricities, i.e. . 10−3 [477]. Instead, compact binaries formed
in dense stellar environments (globular clusters and galactic nuclei) through dynamical scattering, dy-
namical capture and, in general, multibody interactions could still have non-negligible eccentricity by
the time they merge [478, 479, 480, 481, 482, 483, 484]. These events are probably rarer, even though
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the estimates of their event rates are very uncertain (see, e.g., Refs. [481, 437, 484]), and more difficult
to detect with detectors like Advanced LIGO and Virgo, mostly because the signal power at frequencies
around ∼ 100Hz, where the detectors perform best, is smaller (see, e.g., Refs. [485, 494, 495]).
However, if detected in GWs, they would provide, possibly more easily, measurements of several
stellar physical quantities, from which then information on the EoS may be gained. This comes from
the fact that tidal perturbations during pericentre passage can excite stellar fundamental modes (the
previously mentioned f-modes) of oscillation that have a time-varying quadrupole moment and that
therefore act as sources of gravitational radiation, on top of the inspiral waveform31. This f-mode signal
depends on the EoS (in general, stiff EoSs store more energy in the oscillations compared to soft EoSs
[153]) and can significantly affect the phase of the gravitational radiation by enhancing the loss of orbital
energy by up to tens of percent over that radiated away by GWs during an orbit. Part of the orbital
angular momentum may also be transferred to the stars. Measurements of the frequency, damping time,
and amplitude of the tidally excited f-modes could yield simultaneous measurements of their masses,
moments of inertia, and tidal Love numbers and thus present a prime opportunity to test the I-Love-Q
relations (see Sect. 2.6) observationally. Mergers of eccentric BNS systems may also produce brighter
electromagnetic emission than quasicircular mergers (see, e.g., Refs. [150, 151, 111, 144, 106, 155]) and
contribute to the overall r-process [497, 184, 72, 73, 498, 74] element abundances [150, 202, 106, 155].
Actually, if accurate enough templates for eccentric BNS systems are used, these binaries can be de-
tected from farther away, and parameters such as the chirp mass and sky localization can be estimated
more accurately [494, 495], mostly because of the their richer structure that breaks parameter degenera-
cies. Detection of a few highly eccentric BNS mergers per year might be possible with third-generation
detectors [153, 155] or even with the LIGO-Virgo-KAGRA detector network at design sensitivity [495].
Several numerical studies have been performed on eccentric binaries [499, 500, 150, 151, 111, 144, 106,
152, 501, 153, 154, 155]. Ref. [154] proposed a basic model that, using a post-Newtonian description,
can predict the timing of different pericentre passages within a factor of two with respect to results
of numerical simulations. The error is probably dominated by systematic effects in measuring orbital
properties from the numerical-relativity results [154]. A refined version of this model (that takes into
account post-Newtonian corrections to the tidal coupling and the oscillations of the stars) may serve as
a template for detection and analysis of gravitational radiation from eccentric systems [154].
Extensive studies on the subject have found that, on one side, the same qualitative relation between
the merger frequency and the stiffness of the EoS that is known for quasicircular binaries is valid for
eccentric binaries [152, 153], while, on the other side, there is no direct correlation between initial
eccentricity and post-merger frequencies [153] (see Sect. 4), and post-merger peak frequencies do not
follow the approximate universal relations with stellar properties like compactness [155]. Actually for
eccentric orbits the position of the main peak in the power spectrum has been found to vary with the
eccentricity of the orbit, as a result of the different angular momentum of the merger remnant [155].
4 Extracting information on the equation of state from grav-
itational waves emitted after the merger
Also GW signals from the merger and post-merger phases of GW170817 have of course been searched
in the data from Advanced LIGO and Advanced Virgo, but no signal was found [220, 502]. In fact,
the strain upper limits set by the detector were found to be about one order of magnitude above the
numerical-relativity expectations for post-merger emission from a hypermassive NS at the distance of
GW170817.
31The excitation of f-modes in low-eccentricity inspirals can also be measured, but only with a network of third-
generation detectors [496].
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The first detection of a BNS post-merger signal is still to come, but simulations and investigation
on their possible connections with observations of GWs from the post-merger phase of BNS mergers
has been very active. The strong interest springs also from the fact that such observations would probe
densities higher (several times the nuclear density) than typical densities in inspiralling stars and would
also probe effects of temperature, which becomes much higher (up to ∼ 50MeV) after the merger.
However, even though the energy emitted in GWs after the merger may be higher than that emitted
during the inspiral (if there is not a prompt collapse), since post-merger GW frequencies are higher (from
1 to several kHz [375, 379, 383, 205]), their signal-to-noise ratio in current and projected detectors is
smaller than that of the inspiral and they are probably only marginally measurable by detectors like
Advanced LIGO or Advanced Virgo. Third-generation detectors, such as Einstein Telescope [234, 235]
and Cosmic Explorer [233], are needed.
Also on the theoretical side, the post-merger phase presents more difficulties. Numerical simulations
of the merger and post-merger dynamics are more difficult than for the inspiral part, because of strong
shocks, turbulence, large magnetic fields, various physical instabilities, neutrino cooling, viscosity and
other microphysical effects32. Therefore, their accuracy is not as good as for the inspiral. For example,
currently there exist no reliable determinations of the phase of post-merger gravitational radiation,
but only of its spectrum. Furthermore, the complicated morphology of post-merger signals makes
constructing accurate templates challenging.
The basic idea for obtaining information on the supranuclear EoS from GWs emitted after the
merger is that the main peak frequencies of the post-merger power spectrum (see Fig. 6) strongly
correlate with properties (radius at a fiducial mass, compactness, etc.) of a zero-temperature spherical
equilibrium star in a rather EoS-insensitive way. These are also called universal relations, as illustrated
in Sect 2.6, even though they depend on the spin of the stars in the inspiral and hold only approximately
even for irrotational binaries. These relations have been employed to estimate constraints on the NS
radius from the post-merger signal of future observations [507, 226, 228].
Some details of the post-merger spectrum are still debated, but there is widespread consensus that
(i) the post-merger GW signal possesses spectral features that are robust (present in all simulations,
irrespective of the numerical methods, codes used and numerical settings) and that emerge irrespective
of the EoS or the mass ratio of the original binary; (ii) for the frequencies of the most salient peaks,
analytic fitting functions can be obtained in terms of the stellar tidal deformability or compactness.
4.1 Basic ideas
A first attempt to study systematically the post-merger waveforms was put forward by Ref. [213], that
tried to codify the whole spectrum, instead of singling out individual peaks. They decomposed the
merger and post-merger GW amplitude into three parts: (i) a peak in frequency and amplitude that
appears soon after the merger starts; (ii) a decrease in amplitude during the merger and a new increase
when the compact star forms; (iii) a final decrease in the amplitude during the hypermassive NS phase,
which is either monotonical or with modulations. They also identified a damping of the oscillations of
the frequency during the phase (spanning several oscillation periods) in which the merged object is a
compact star; the frequency eventually settles to an approximately constant value (although a long-
32It has been hinted at that viscosity and neutrino cooling are probably subdominant with respect to the emission of
gravitational radiation in the dynamics of the post-merger phase, at least for the first 20 ms after merger [159, 503, 160,
504, 505], but this is not true in all cases. In particular, it was found that thermal conduction and shear viscosity are not
subdominant if both neutrino trapping and short-distance gradients (for example due to turbulence on a scale of ∼ 10
m) are present [503]. Moreover, a more recent analysis, assuming that nuclear matter remains neutrino transparent up
to temperatures of a few MeV, found that bulk viscosity can damp oscillations on timescales of ∼ 10 ms, comparable
to those of a BNS merger, for nuclear matter at temperatures of 2 − 4MeV and for densities between 0.5 − 2 times the
saturation density [506]. This means that bulk viscous damping should probably be considered seriously for inclusion in
future simulations.
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Figure 6: Time-frequency analysis for the waveform of an equal-mass BNS merger for
an optimally-oriented source at 50Mpc. The top and right panels show the time-domain
waveform-component h+ and its Fourier magnitude spectrum, respectively. The time-
frequency map is constructed from the magnitudes of the coefficients of a continuous wavelet
transform (see Ref. [224] for details). Horizontal straight lines emphasize the locations of
the main peak frequency fmain peak and a secondary peak which the authors of Ref. [224]
call fspiral (a peak with similar frequency and amplitude has been called f1 in other works;
see main text for discussion). The vertical lines have no meaning out of the context of the
original article. (From Ref. [224])
term secular change associated with the change of the state of the hypermassive NS is always present).
Based on this, they found an optimal 13-parameter fitting function, using which it may be possible to
constrain the NS radius with errors of about 1 km.
The first to propose relations between single peak frequencies and stellar properties (mass, radius,
compactness) were Refs. [375, 376, 377, 378], using simulations with approximate treatment of general
relativity. Subsequent analyses were performed by a few groups with general-relativistic codes [379, 370,
369, 380, 120, 381, 371, 508, 382, 509, 383, 373], which confirmed that the conformally flat approximation
employed by other authors provided a rather accurate estimate of the frequencies of the largest peak in
the power spectral densities.
In more detail, Refs. [375, 376] pointed out that the largest peak in the power spectral density
(whose frequency is dubbed there as fpeak and as f2 in other works, while in this review I will call it
fmain peak for the sake of the reader) correlates with the radius Rmax of the maximum-mass nonrotating
star for a given EoS and with other similar quantities, like the radius of a 1.6M NS with a given EoS. It
was found later that the scatter in the relations of fmain peak with these stellar properties was such that
it does not allow to determine the radius with an accuracy below 1km, even if fmain peak were measured
exactly [213, 373]. It was also found later that the relation between fmain peak and the dimensionless
tidal deformability is more universal and holds at the ≈ 10% level, but only for equal-mass or very
nearly equal-mass binaries [371, 373].
Refs. [379, 370] then presented another method based on results form a large number of numerical-
relativity simulations of equal- and unequal-mass irrotational binaries with different EoSs and different
masses. They identified two distinct and robust main spectral features in the post-merger power spectral
density: the largest peak fmain peak mentioned above and a smaller peak at lower frequencies (see Fig.
6), dubbed f1.
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Other works then pointed out that what was called f1 in Refs. [379, 370] may be composed of two
peaks, either or both present depending on the total mass and EoS [510, 384, 371, 383, 511, 373]. One
of these subdominant lower-frequency peaks is thought to originate from the quasi-linear interaction
between the dominant quadrupolar oscillation and the quasi-radial mode of the remnant [512] (even
if the quasi-radial mode by itself may not be visible in the power spectrum). Its frequency, named
f2−0, is equal to the difference of the frequencies of these two modes. The f2−0 feature is particularly
pronounced for relatively high total masses of the binary system and soft EoSs, while it is often not
visible for less compact stars in the binary, either low-mass stars or stars described with a stiff EoS
[510, 383, 511, 373]. The other peak, called fspiral, is thought to be produced by the orbital motion of
antipodal bulges that form during the merger and persist for a few milliseconds [510] (see Fig. 6).
Different theoretical toy models were proposed to explain the origin of the f1 or fspiral peak [370, 510],
but one thing on which everyone agrees is that it originates (or they originate) only from the dynamics
immediately following the merger (within 3 or 4 ms after the merger). Also, in practical uses of the
relations involving f1 or fspiral, the different origin of these subdominant features or whether the lower
frequency post-merger peak has composite substructure have not been taken into account. Ref. [228],
for example, defines what they call fsub as the frequency of the second highest peak with a frequency
at least 400 Hz below the main peak.
Coming back to the findings of Refs. [379, 370], it was shown that, at least for the sample of EoSs
tested, a single function relates the f1 frequency to the average compactness M¯/R¯ (where M¯ ≡ (MA +
MB)/2 and R¯ ≡ (RA+RB)/2, where MA,B and RA,B are the masses and the radii of the nonrotating stars
associated to those of the binary). Knowing the masses from measurements of the inspiral waveform
and the f1 frequency from measurements of the post-merger waveform would then allow to compute
the radius of the NSs. Also, since the f1 or fspiral peak is produced soon after the merger, it should not
be affected significantly by magnetic fields and radiative effects, whose modifications emerge on much
larger timescales. However, a work (already mentioned in Sect. 2.6) posted to arXiv.org just before
this review was accepted for publication pointed out that the existence and accurate location of this
peak depends significantly on the numerical resolution of the simulations [373].
Also, it has to be noted that, especially in the first milliseconds after the merger, when also the
subdominant modes are active and when the merger remnant is rapidly evolving towards a more stable
configuration, post-merger frequencies evolve in time (see, e.g., spectrograms in Refs. [371, 382, 383]
and Fig. 6), albeit only slightly. In particular, the frequency of the main peak increases up to the
formation of the black hole, while its amplitude decreases, as physically expected from the increase of
rotational velocity and compactness of the merged object as it loses angular momentum [382]. Hence,
the spectral properties of the GW signal can only be asserted reliably when the signal-to-noise ratio is
sufficiently strong so that even these changes in time can be measured in the evolution of the power
spectral densities. In light of these considerations, as mentioned earlier, the prospects for high-frequency
searches for the post-merger signal are limited to rare nearby events.
An interesting extension of the works described above has been done in Ref. [369]. They found
that the coupling constant κT2 [defined in Eq. (14)] efficiently parametrizes the late-inspiral of tidally
interacting binaries and observed that it can also be used to determine the main features of the post-
merger GW spectrum, instead of the tidal deformability parameter Λ. The relation fmain peak(κ
T
2 )
depends very weakly on the total mass of the binary, mass-ratio, and EoS. However, there is dependence
on stellar spins. The proposed physical explanation is that at fixed separation, the tidal interaction
is more attractive for larger values of κT2 . Binaries with larger κ
T
2 merge at lower frequencies (larger
separations). As a consequence, the remnants of binaries with larger κT2 are less bound and have larger
angular-momentum support at formation. The fmain peak frequency seems mainly determined by these
initial conditions, other physical effects having negligible influence on the value of the frequency.
Dependence of the main peak frequency fmain peak itself on the initial state of rotation, especially
for very rapidly rotating NSs, has been pointed out in several works [140, 384, 369, 382, 146, 385]. In
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particular, Ref. [146] emphasized that their spectra are qualitatively similar, but quantitatively different,
from the non-spinning cases. More in detail, the frequencies of all peaks are about 200 Hz higher and
the f1 peak is significantly more pronounced for systems in which the stellar spins are aligned with the
orbital angular momentum and less pronounced for anti-aligned system. This means that actually the
quasi-universal relations found for irrotational binaries [375, 376, 377, 378, 379, 370, 369] might contain
systematic biases for spinning systems. Furthermore, Ref. [385] found that the secondary peaks are
less significant in mergers of NSs with higher spin magnitude.
Additional checks on the validity of the relations discussed above and estimations of their error
were done independently through simulations with codes different from the ones used in the first place
to obtain the fitting parameters in those relations [383, 373]. Furthermore, it was found in the same
works that the post-merger frequencies of unequal-mass binaries differ at most of ≈ 10% from those of
equal-mass binaries, as long as the differences in the masses of the stars in the binary are within 10%
[122, 371, 382, 383, 373]. For lower mass ratios the spectra become more complicated: for fixed EoS
and total mass, spectra for smaller mass ratios show less power in the main peak and more peaks at
frequencies below it.
Incidentally, there is actually a third, higher-frequency peak, named f3, often identifiable in com-
puted spectra. It may be explained, together with f2−0 and perhaps f1 (as mentioned above), as the
result of the combinations of the quasiradial oscillation mode and the fundamental mode fmain peak [512].
In fact, in most cases, the lower- and higher-frequency subdominant peaks are almost equidistant from
the dominant one and the frequency predicted for the mode combination is a very good approximation
for these subdominant peaks. As said above, however, this is not observed in binaries composed of less
compact stars [510, 383, 511]. Also, the dependency of f1 and f3 on the binary mass ratio seems to
be similar (and much stronger than that of the fmain peak mode): The more unequal a system is, the
lower both frequencies seem to be. In any case, the f3 peak is too weak and at too high frequencies to
foreseeably help in parameter estimation from GW observations.
Another peak in the spectrum may be visible in some cases because of an m = 1 (see note on page 7)
deformation of the merged object [199, 200, 176, 140, 141, 201, 202, 144, 203, 204, 152, 205], especially in
mergers of eccentric binaries [152]. This deformation, due to the so-called one-armed spiral instability,
is found to be present generically in BNS simulations and to carry information about the EoS33, but its
peak in the spectrum, located at about half the frequency of fmain peak, has a much smaller amplitude
and the prospects of observations in GWs appear unlikely in current detectors [203]. Third-generation
detectors may be able to target this signals.
Talking about additional peaks, it has been proposed that the presence of dark-matter cores inside
NSs may produce one or two supplementary peaks in the post-merger GW spectrum of NS mergers,
with frequencies between fmain peak and f3 [514]. This result was obtained by adding the effects of dark
matter (in amounts up to 10% of the stellar mass34) into the mechanical model proposed in Ref. [370],
and mentioned above, that captures the essential features of the dynamics of the hyper-massive NS
formed in the first instants after the merger. Again, because of their higher frequency and lower power,
it will be difficult to distinguish such peaks observationally in the near future. See Sects. 6 and 7.4 for
other results involving the hypothetical presence of dark matter in NSs.
Still further additional peaks may appear if the lifetime of the merged stellar object before collapse
is long enough that convective excitation of inertial modes occurs, as pointed out in Ref. [518]. These
are related to the thermal properties of the EoS but a systematic study of these modes and of how they
are related to the properties of the stellar EoS is still missing.
A different way to gain knowledge on the mass-radius relation of NSs was proposed in Refs. [386,
358, 387]. It consists in using some empirical relations obtained from numerical simulations of BNS
33See Sect. 6 for a possible relation of the m = 1 mode to dark matter [513].
34Note that dark matter cannot condensate inside stars in quantities as large as this, therefore non-standard properties
or mechanism involving dark matter have to be thought [515, 516, 517].
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mergers between threshold mass for prompt collapse, maximum mass for a nonrotating NS, and its radius
[386, 358]. Considering that observations of the electromagnetic emission associated with GW170817
may imply (but see Ref. [519] for alternative interpretations) that GW170817 was not a prompt
collapse35 [130, 387] and that therefore the total mass of GW170817 is a lower bound on the threshold
mass described above, an estimate was found for the maximum mass for a nonrotating NS and its radius
[387] (see Table 1 for results on radii). The authors remark that the constraints they set are particularly
robust because they only require a measurement of the chirp mass and a distinction between prompt
and delayed collapse of the merger remnant. Ref. [388] later used the same arguments to update the
obtained results in a fully general-relativistic framework.
4.2 Applications to data analysis
For data-analysis standards and in comparison to the inspiral, numerical simulations of the post-merger
phase are still sparse and not accurate enough (as explained above) and this contributes to the lack
of analytical, physically parameterized waveform templates. This reduces the feasibility of matched-
filtering. Generic analyses that target signals of unknown morphology might be less efficient than
matched-filtering, but they have been shown to be able to extract the main features of post-merger
signals, such as its main frequency components [223, 224, 520, 521, 226, 522, 372]. Below, more details
on these works are given.
Ref. [223] was the first to carry out a systematic study of the detectability of the high-frequency
content of the merger and post-merger parts of BNS post-merger GW signals with methodologies used to
search for unmodelled GW transients. Using a morphology-independent algorithm based on constrained
likelihood statistics that identifies whether a signal is significant with respect to the noise, they focused
on the problem of discriminating among different post-merger scenarios (prompt collapse or not) and on
measuring the dominant oscillation frequency in the post-merger signal, in case of non-prompt collapse
(see Sect. 4.3 for a summary of their results too).
With the goal of reducing the complexity of the problem from a high-dimensional physical parameter
space, where the waveforms are modelled directly through numerical simulations, to a lower-dimensional
problem that includes only the dominant features of the waveform, the same group then proposed a
low-dimensionality frequency-domain template based on principal component analysis [224]. They
constructed a catalogue of numerical waveforms and decomposed the magnitude and phase spectra
into orthogonal bases, as per the principal component analysis. By excluding each element of the
catalogue one at a time and checking how well just the first principal component from the principal
component analysis could reproduce that element, a match of 0.93 was found. The usually accepted
desired threshold is 0.97, but Ref. [224] suggested that the first principal component is robust enough
to model the high-frequency GW spectrum for BNS mergers for data-analysis purposes.
Ref. [226], then, also proposed a method that relies less on numerical-relativity simulations: recon-
structing the post-merger GW signal in observed data through a sum of wavelets without assumptions
on the morphology of the system. The algorithm they use is BAYESWAVE [523, 524] and it was
shown to be capable of reconstructing the dominant features of the injected signal with an overlap of
above 90% for post-merger signal-to-noise ratios above ≈ 5. This would provide a measurement of the
dominant post-merger frequency fmain peak to within a few tens of Hz. Additional information about
the signal, such as its broadband structure or the finite extent of the post-merger peak, could increase
the sensitivity of the analysis, making it easier to detect and characterize the post-merger signal. After
the reconstruction an empirical relation based on numerical-relativity calculations to relate radius and
fmain peak was used [226]. The final results (namely that the radius can be measured to a few hundred
metres for signals with a signal-to-noise ratio ≈ 5) are comparable to the methods that are based on
35In general, of course, GW observations as well can inform us about the fate of the merged object (prompt or delayed
collapse, or maybe no collapse).
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a description of the post-merger power spectral density obtained from numerical-relativity simulations
[375, 376, 377, 378, 379, 370, 369, 373]. It is to be noted that their error on the radius is dominated by
the scatter in the universal relation used, rather than the statistical error of the reconstruction itself
[226].
Very recently, Ref. [372] has done a similar work based on a Bayesian analysis that employs simplified
Lorentzian model functions and found that the main emission frequency of the post-merger remnant,
for signal-to-noise ratios of 8 and above, can be extracted within a 1σ uncertainty of about 100Hz for
Advanced LIGO and Advanced Virgo at design sensitivities.
The methodology described in Ref. [226] was applied to the data of GW170817 and results were
reported by the LIGO-Virgo Collaborations [220, 502]. That is how it was found that upper limits on
energy are at least an order of magnitude larger than expectations based on simulations performed with
the EoSs they chose [502].
Recently, the first draft suggestion of a way of generating reliable post-merger spectra rapidly enough
to be useful for templated data analysis was proposed in Ref. [522]. This is done through a hierarchical
model built to represent the amplitude spectra and trained on the numerical-relativity simulations of
Ref. [371]. They report a mean of 0.95 for the noise-weighted fitting factors across all tested spectra,
for sources simulated at a distance of 50 Mpc. However, they do not test their results in a Bayesian
framework to find its actual efficiency in parameter estimation of detected events. Actually, in order
to be useful in search and parameter-estimation studies, the model of Ref. [522] should be extended to
include more numerical simulations for training.
4.3 Estimates about future observations
Realistic estimates of what information can be obtained with the methods described in the previous
subsections require Bayesian analyses, like those performed in Refs. [222, 223, 224, 225, 226, 228]. As
mentioned at the beginning, GW measurements at the expected frequencies and amplitudes for f1 and
fmain peak are very difficult; in practice they are limited to sources within ∼ 30 Mpc for second generation
detectors, as shown by Refs. [223, 224, 225] via large-scale Monte Carlo studies. As mentioned above,
Refs. [223, 224] provided the first systematic studies of the detectability of the high-frequency content
of the merger and post-merger parts of GW signals from BNS systems. These investigations did not rely
on waveform models and optimal filtering, but exploited methodologies used to search for unmodelled
GW transients. They concluded that second generation detectors could measure post-merger signals
and constrain the NS EoS for sources up to a distance of 10− 25 Mpc (assuming optimal orientation).
Ref. [224] also showed that the error in the estimate of the NS radius would be of the order of 400 m
in Advanced LIGO. Ref. [225] proposed methods that stack the post-merger signal from multiple
BNS observations to boost the post-merger detection probability. They found that, after one year of
operation of Cosmic Explorer [233], the dominant-peak frequency can be measured to a statistical error
of ≈ 4 − 20 Hz for certain EoSs, corresponding to a radius measurement to within ≈ 15 − 56 m, a
fractional error of about 4%. They showed that errors in the universal relations between post-merger
oscillation frequency and total mass of the binary, and in the template construction dominate over
the statistical error. Detectability of individual events could potentially improve if one considers all
components/peaks that arise in the post-merger waveform, and not only the dominant peak.
As said in Sect. 4.2, waveform templates that span the pre- and post-merger signals are currently
not available, but observations of the pre-merger signal from GW170817 has been used to inform
expectations about the properties of the undetected post-merger signal. Ref. [228] used the posterior
samples for the masses, radii and tidal parameters of the inspiral of GW170817 to estimate its expected
post-merger signal to be approximately 2.5 kHz ≤ fmain peak ≤ 4 kHz.
It was also pointed out that, the full LIGO-Virgo network operating at design sensitivity may provide
reasonable estimates of the dominant post-merger oscillation frequency and corresponding constraints on
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the NS EoS [220] and this will be certainly measured if the sensitivity in the kHz regime of the detectors
are improved by a factor 2 or 3 over their current design sensitivity [228]. With further improvements
and next-generation detectors, it is reasonable to believe that we will also be able to extract subdominant
frequencies [228], as long as the numerical waveforms currently available approximately reflect the true
strength of the emitted signal (which could be weaker if physical viscosity is very high; see also Ref.
[373]) and the expected calibration of the detectors at high frequencies are realized.
4.4 Investigating phase transitions with post-merger waveforms
Hadron-quark (and other strong) phase transitions or phase transition to hyperonic matter may occur
at some high-density threshold. Since the densities reached after the merger are larger than those in
the original stars in the binary, it is possible that phase transitions occur only after the merger. In this
case, which is the focus of this Section, a measurement of the tidal deformabilities, of course, cannot
contain information on phase transitions. The case in which such phase transitions occur in both or
one of the stars in the binary already before the merger will be treated in Sect. 7.3.
Several simulations of BNS mergers with EoSs containing a phase transition to hyperonic matter
(see the end of Sect 7.1 for more comments on stars containing hyperonic matter) have been carried
out, starting with the work of Refs. [525, 526], where it was found that the post-merger GW frequency
significantly changes during the time between merger and collapse. If it were so, the above-mentioned
relations between post-merger spectral properties and stellar physical quantities may have to be taken
with care. However, more recent works [527, 109] found that also in case hyperons appear the post-
merger main GW frequency remains rather constant over time and that its frequency is very similar
to (and, in the foreseeable future, indistinguishable from) that given from BNS mergers with the cor-
responding purely nucleonic EoS. What differentiates hyperonic EoSs in the post-merger GW signal is
the amplitude and phase modulation and the total luminosity [527], but these quantities are both more
difficult to measure36 and more difficult to obtain accurate estimates of from numerical simulations.
In a strong phase transition, like one from nucleonic to quark matter, the main feature of the power
spectral density of the post-merger phase, fmain peak, may instead change rapidly, because of the abrupt
speed up of the rotation of the differentially rotating core of the remnant [109]. The lifetime of the
merged object before collapse and the black-hole ringdown waveforms may also be rather different from
the ones expected from purely nucleonic EoSs [108]. In addition to GWs, the rearrangement of the
angular momentum in the remnant as a result of the formation of a quark core could be accompanied
by a prompt burst of neutrinos followed by a gamma-ray burst [528, 529, 530]. However, a preliminary
study found that there would be no significant qualitative differences in the electromagnetic counterpart
of NS mergers between a system undergoing a phase transition to quark matter and purely hadronic
mergers [531].
These indications come from simulations of merging NSs described by EoSs that include a phase
transition [108, 109, 531]. As mentioned in Sect. 2.1, such simulations have been performed for the first
time very recently and published at the same time by two groups, one that used a smoothed-particle-
hydrodynamics code with approximate treatment of general relativity [109, 531] and the other that
carried out fully general-relativistic simulations [108]. Neither work includes magnetic fields.
The latter simulations included quarks at finite temperatures (within a temperature-dependent
chiral mean field model37 [533]) and were used to present for the first time a phase diagram (see Fig. 7)
illustrating the properties of the phase transition, as often done in studies about heavy-ion collisions.
This work then showed that a quark-hadron phase transition (occurring after the merger, in this case)
36Ref. [527] estimated that Advanced LIGO could distinguish between the two EoSs they employed with a single merger
at a distance of up to ∼ 20Mpc, depending on the total mass of the binary.
37The EoS employed does not produce gravitationally stable hybrid stars, therefore the effects of such a hadron-quark
phase transition can only be observed in a BNS merger.
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Figure 7: Phase diagram illustrating the properties of the phase transition by showing the
evolution of the temperature and density in the merger remnant. Diamonds refer to the
maximum normalized baryon-number density and circles to the temperature after the merger
of a BNS system described with an EoS that includes a strong first-order phase transition to
quark matter. Different times of the evolution are represented with a colour code, together
with the quark fraction Yquark . The grey shaded area shows the first-order phase-transition
region. See Ref.[532] for details. (From the the version of Ref. [532] on arXiv.org)
would indeed leave its strong imprint in the GW signal (collapse time, ringdown), but has only a small
influence on the post-merger GW frequencies. This is because the EoS used in Ref. [108] produces
a small (see below for a comparison with another EoS with a strong phase transition, the DD2F-SF
EoS [534]) quark-matter fraction during the early phases of the post-merger. When, at later times, the
quark matter fraction increases, it immediately induces the gravitational collapse of the remnant.
Ref. [109] more systematically studied the effects of phase transitions on the post-merger phase
by adopting purely hadronic EoSs, EoSs with a second-order phase transition to hyperonic matter
[535, 536, 537] and EoSs with a first-order phase transition to quark matter (the DD2F-SF EoS [534]),
which produce a non-negligible amount of quark matter soon after the merger. It was shown that the
phase transition increases the dominant post-merger GW frequency fmain peak if and only if a strong first-
order-like phase transition leads to the formation of a gravitationally stable extended quark-matter core
in the post-merger remnant [109]. This happens because the formation of a quark-matter core makes
the remnant more compact. Also, comparing the outcomes of all their simulations on the Λ-fmain peak
plane, they found that only the DD2F-SF models with a phase transition to deconfined quark matter lie
clearly outside the relation visible for other EoSs38, including those with a second-order phase transition
(see Fig. 8). The maximum deviation from this relation is about 100Hz for EoS models without strong
first-order phase transitions and about 500Hz for those with a strong phase transition to deconfined
38Note, however, that error bars on the points in the graph have not been computed, but similar computations by the
same authors had given uncertainties a few 10Hz [375]. See also Ref. [373] for more on computations of error bars in
these kinds of relations.
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Figure 8: Dominant post-merger GW frequency fmain peak as a function of tidal deformability
Λ for mergers of two 1.35M stars. The DD2F-SF [534] models with a phase transition to
deconfined quark matter appear as clear outliers. The solid curve displays the least square
fit for all purely hadronic EoSs (including three models with hyperons, marked by asterisks).
Arrows mark DD2F-SF [534] models with roughly the same onset density and stiffness of
quark matter, but with different strength of the density jumps. (From Ref. [109])
quark matter. Namely, it was found that only a sufficiently strong first-order phase transition (or,
actually, any transition, even not formally first-order, which causes a strong softening of the EoS like
the one seen for DD2F-SF models) has a noticeable impact on the stellar structure and thus alters the
post-merger GW signal in a measurable way. What would be determinant for the discovery of such
a phase transition is a shift of the fmain peak frequency as compared to that expected from the tidal
deformability of the inspiralling NSs. Such a shift of the dominant post-merger GW frequency might be
revealed by future GW observations using second- and third-generation GW detectors [109] and would
also allow to constrain the density at which the phase transition occurs.
5 Combining analyses of waveforms emitted before and after
the merger
Even if (as mentioned in Sect. 3.3), with current detectors, omitting the post-merger waveforms from
the global analysis of the signal does not lead to significant loss of information or biased estimation of the
source properties [408], it would be ideal to have waveform templates that consistently and exhaustively
cover the inspiral, merger, and post-merger phases, so that one could perform matched-filter searches,
as mentioned in Sect. 4.2. This is true especially for the shorter-duration signals of the post-merger
phase. However, complete numerical-relativity waveforms are too sparse and semianalytical models for
the whole signal are in their infancy.
One work has carried out a global analysis that combines the two types of estimates from the
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pre-merger and post-merger waveforms [507]. Through Monte-Carlo simulations that combine mea-
surements of the total mass from the inspiral phase with those of the compactness from the post-merger
oscillation frequencies, improved estimates were found for the mean population radius of NSs: With
about 50 observations, the error on the average radius was computed to be 2 − 5% for stiff EoSs and
7− 12% for soft EoSs.
6 The merger of binaries of stars not made of ordinary matter
As mentioned in Sect. 2.5, there may exist compact objects similar in mass and size to NSs, but not
made of ordinary matter, like boson stars or gravastars. A few recent works have proposed preliminary
studies about whether current and future observations can distinguish between inspirals and mergers
of NSs and boson stars [538, 95, 539, 540, 97, 541] or gravastars [542, 331, 315]. GW detectors may
also be able to probe the structure of these different compact objects (if they exist) through their
tidal interactions in the inspiral of binary systems and through the phenomenology of their merger,
post-merger and ringdown phases.
The first step of such studies is the computation of the tidal deformability of these objects [538, 539,
543, 544, 545]. Boson stars, actually, have no surface, so defining their radius (and hence compactness)
may be ambiguous. One common convention is to define the radius as that of a shell containing a fixed
fraction of the total mass of the star. Another option consists in using only quantities that can be
extracted from the asymptotic geometry of the boson stars, like the total mass and the dimensionless
tidal deformability [539]. The boson-star tidal deformability can be obtained similarly to how it is
done with NSs (see Sect. 3.1). Different varieties of boson stars have been considered in the literature
(see Refs. [316, 317, 315] for full reviews and, e.g., Ref. [539] for a short summary), but in general,
the compactness and tidal deformability of boson stars is comparable to that of NSs, with most types
of boson stars having tidal deformability as much as ≈ 25% smaller than that of a NS of similar
compactness. Solitonic boson stars [546] and Proca stars [329] can have larger compactness and smaller
tidal deformability than any realistic NS.
Numerical simulations of the merger of boson stars have been performed for some years, with the
first works focussing on head-on collisions [547, 548, 549], which are computationally less difficult.
More recent simulations have investigated collisions of very compact boson stars and compared them
to collisions of black holes [550, 551, 552]. In one work, numerical simulations of the head-on collision
of a NS with an axion star [541] were performed. In this particular example, it was found that the GW
emission after the merger extends for a much longer duration with respect to a NS head-on collision,
thus releasing more energy in GWs. Assuming that a binary merger of a NS and an axion star would
show similar dynamics, it has been estimated [541] that it would be observable up to about 100 Mpc
with current GW detectors and up to 1 Gpc with the Einstein Telescope [234, 235].
Simulations of binary mergers of a NS and an axion star have not been performed yet, but those
of the merger of two inspiralling boson stars have. The first such simulations were done with the main
goal to study the properties of the merged object [94]. One interesting finding was that, if collapse to
black hole does not occur, a nonrotating boson star forms from the merger, having lost all the original
angular momentum by emitting scalar-field and gravitational waves. This is obviously a very different
outcome from that of BNS mergers. Other works then studied the frequency of the GW emission that
carries away the angular momentum [95], finding that it depends on the compactness of the initial
boson stars and that it is in most cases higher than the main post-merger frequency in BNS mergers
(that do not end in a prompt collapse). As for BNS mergers (see Sect. 2.6), Ref. [95] found that the
main post-merger frequency can be related to the frequency of the merger, defined as the instantaneous
GW frequency at the time when the amplitude reaches its first peak after the inspiral phase [71]. It
was suggested that third-generation detectors like the Einstein Telescope [234, 235] or Cosmic Explorer
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[233] may be able to distinguish post-merger gravitational signals of boson-star mergers from those of
NS mergers [95].
Ref. [97] considered simulations of binaries of dark boson stars, namely binaries composed of two
boson stars each described by a different complex scalar field and thus not interacting with each other
except through gravity. It was found that their merger produces a gravitational signature in principle
distinguishable from that of binaries composed of black holes, NSs and also interacting boson stars.
Similar results were found for mergers of BNS with dark matter particles trapped on their interior
[513]. The distinctive feature of this scenario is the generic development of a strong m = 1 one-armed
instability, in principle distinguishable from that of mergers of NSs (see Sect. 4.1). I have already
reviewed in Sect. 4.1 some works that found other distinctive features in the post-merger spectrum due
to the possible presence of dark matter [514].
Finally, Refs. [538, 539] investigated more systematically for different types of boson stars the extent
to which tidal effects in the inspiral GW signal can be used to discriminate between standard sources
and boson stars. Only some types of boson stars and only nonrotating boson stars were studied. It
was found that Advanced LIGO could differentiate between massive boson stars and NSs or black
holes, but only in some cases, namely only for some types of boson stars and for systems with large
mass asymmetry. For example, it was found that the lower limit for the tidal deformability for boson
stars with a quartic self-interaction is ≈ 280, while that for boson stars with a solitonic interaction is
≈ 1.3 [539], implying that Advanced LIGO is not sensitive enough to discriminate between solitonic
boson stars and black holes. Third-generation detectors like the Einstein Telescope [234, 235] or Cosmic
Explorer [233] should be able to distinguish between them. A Fisher-matrix analysis confirmed these
first estimates [538].
7 Constraints on stellar radius and equation-of-state param-
eters deduced from GW170817
In this Section, I discuss the numerous works and results that appeared after the GW observation of
GW170817 [1] and tried to estimate physical quantities from it and, ultimately, the EoS. Before starting,
however, let me note that some articles [29, 30, 31] claimed that actually GW170817 has not added new
insights about the EoS, because the constraints it imposes are less stringent than those obtained from
current knowledge in nuclear physics, with the possible exceptions of the estimate of the lower limit
for the stellar radius [488, 387, 489, 388], which however is said to be possibly affected by systematic
errors [31]. In particular, Ref. [29] pointed out that limits on the high-density EoS parameters from
the constraints set by GW170817 on the tidal deformability are weaker than the constraints extracted
from analysing other astrophysical observations unrelated to GWs. Ref. [31] then stated that the EoSs
that are said to be ruled out by the upper limit on the tidal polarizability derived from GW170817 were
actually already ruled out on the basis of state-of-the-art nuclear theory describing microscopic EoSs
at densities where error estimates are still credible [31]. More details on this view are presented below.
In addition to the GW measurement, additional information has been obtained through the electo-
magnetic emission (in the gamma-ray, x-ray, ultraviolet, optical, infrared, and radio bands) related to
GW170817, named GRB 170817A (for the gamma-ray burst) and AT2017gfo for the rest of the astro-
nomical transient [4, 32, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28],
alone or in combination with GW constraints on the tidal deformability. However, electromagnetic
radiation from binary mergers is out of the scope of this review, so I limit myself to refer the reader
to some of the relevant references [488, 387, 489, 490, 491, 492, 493] and to reporting estimates from
some of these works for the radius of a 1.4M star in Table 1. Note also that extracting accurate
information from electromagnetic radiation from GW170817 is difficult because the underlying models
are still based on assumptions that may significantly introduce systematic errors [519].
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Refs. [360, 553, 275] combined the GW measurement with electromagnetic observations of other
NSs in accreting low-mass x-ray binaries (from Ref. [554]) to give a more precise estimate of the
tidal deformability and Ref. [254] proposed an affordable Bayesian approach that can include diverse
evidence, such as nuclear data and the inferred masses, radii, tidal deformabilities, moments of inertia,
and gravitational binding energies of NSs obtained through different types of observations [254]. The
method allows any parameterization of the EoS.
Estimates and constraints on EoSs from measurements of NSs have been derived on the basis of (i)
bounds on the tidal deformability in GW170817 [220, 314, 420, 532, 30, 364, 365, 487, 298, 29, 399, 306,
555, 264, 265, 266, 267, 268, 269, 556, 422, 557, 340, 532, 558, 559, 560, 561, 298, 562, 563, 564, 565,
289, 288, 566, 367, 567, 568, 31], (ii) the upper bound for the maximum mass of a cold non-rotating
compact star deduced in various ways from GW170817 [130, 569, 363, 570, 306, 288, 556, 571], (iii) the
lower bound for the maximum mass for a non-rotating compact star from pulsar observations39, (iv) the
lower bound on the radius of a non-rotating compact star deduced from GW170817 [488, 387, 489, 388].
Condition (iii) requires stiff enough EoS, while conditions (i) and (ii) require soft enough EoS. According
to Refs. [298, 31], condition (ii) is powerful for smooth EoS models, because stars without phase
transitions exhibit a strong correlation between their maximum mass and the radii of a NS of typical
mass40, but it is not very constraining for general EoS models that may contain strong first-order phase
transitions. Also note that there is an open debate on what may be the (systematic) error bar of the
upper bound for the maximum mass of a cold non-rotating compact star, since some assumptions need
to be made in its calculation. Some of the the articles cited at point (ii) above do report an error bar
on the values they give, but a recently posted work explained that all previous results were obtained
with oversimplified assumptions and that presently all one can reliably say is that the upper bound for
the maximum mass of a cold non-rotating compact star is only weakly constrained as . 2.3M [571].
Since studies performed for hadronic EoSs, quark EoSs, and EoSs with phase transitions lead to
rather different results, below I will separate them in different subsections.
7.1 Hadronic equations of state
As mentioned earlier, the first published analysis of GW170817 by the LIGO-Virgo Collaborations [1]
was very conservative: the EoSs of the two stars were assumed to be completely independent, which
resulted in a not-much-constraining upper limit for the tidal deformability and no estimate of radius.
Later, the LIGO-Virgo Collaborations published a revised analysis with improved estimates [220, 314]
(see below) and the correction of an error in their reporting of the 90% confidence upper limit of the
tidal deformability41, but in the meanwhile some notable works were published that used the original
very conservative (and affected by the bookkeeping error) observational results [420, 532, 30, 566]. Some
of these works studied how parameterized smooth EoSs fit with the constraints from GW170817.
The two most prominent articles to carry out the first systematic studies of the statistical properties
of the tidal deformability on this line [532, 30] generalized efforts of previous works that had used a more
limited set of EoSs to check whether the observation of GW170817 allowed them or not [420, 573, 566]42.
Both Refs. [532, 30] parameterized a very large range of physically plausible EoSs for compact stars
with a piecewise-polytropic representation and computed equilibrium stellar solutions for up to one
million different EoS by numerically solving the Tolman-Oppenheimer-Volkoff [416, 417] equations. By
39As mentioned earlier, works published before the discovery of a 2.17M NS [310] use for this limit different numerical
values in the range 1.97± 0.04M.
40For example, considering smooth EoSs, Ref. [572] showed that the discovery of a 2.17M NS [310] significantly
reduced the allowed range for the skewness Q0 (see Sect. 2.4).
41A mentioned previously, the corrected value in the case of the low-spin prior is Λ˜ ≤ 900 instead of ≤ 800; see the
caption of Table IV in Ref. [220].
42Ref. [555] later updated the results of [420] with the new LIGO-Virgo Collaborations estimates for GW170817.
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imposing only one condition, that the sound speed is subluminal, Ref. [30] focussed on smooth EoSs
and concluded that the 95% credibility range of predicted tidal deformabilities for a 1.4M NS is
consistent with the upper bound deduced from GW170817 [1]. Ref. [532] considered also EoSs with
phase transitions and imposed some additional constraints, namely that the tidal deformability for a
1.4M NS is Λ1.4 < 800 (from the first official analysis of GW170817 [1]), that the lower bound on the
maximum mass for a non-rotating NS is Mmax > 2.01 and that an upper bound on the maximum mass
for a non-rotating NS is Mmax < 2.16 [363]. Ref. [532] proposed for the first time a lower limit for the
tidal deformability Λ1.4 > 400 at a 2σ confidence level (see Table 1 for their radius estimates). They
pointed out that the distributions are very robust upon changes in the upper limit of the maximum
mass and of the tidal deformability and that different prescriptions on the treatment of the nuclear
matter in the outer core (0.08 < ρ/fm−3 < 0.21) [532, 420] may have a large impact on the statistical
properties of NS radii. Progress in theoretical knowledge of the outer core is then important for a good
description of the NS structure. Also the NS crust may have a large impact on the statistical properties
of NS radii [30, 574], even if it does not strongly impact tidal deformability [574, 575, 576] and thus it
is not very important in relation to current GW measurements from BNS systems.
Another work that was published before the updated analysis by the LIGO-Virgo Collaborations
[220, 314] compared the tidal deformability observation from GW170817 (the first announcement [1])
with data from the PREX experiment [45, 46] (elastic scattering of polarized electrons) on the neutron-
skin thickness (the difference between the root-mean-square radii of the distribution of neutrons and
protons) of 208Pb [421] (see also Refs. [577, 263]). In order to connect the observed tidal polarizability
to nuclear observables, they assumed EoSs described with a relativistic mean-field approach and found
that the central value of the neutron-skin thickness of 208Pb measured in PREX is rather far from the
one derived from GW170817, even if there is no tension because the error bar of PREX is very large. If
this experimental datum is confirmed by more accurate experiments (like PREX-II) in the future, then
this might be in tension with GW170817 and be indicative of a phase transition in the interior of NSs
[421]. An alternative view on this possible tension has been expressed in Ref. [31], where it was stated
that actually smooth EoSs (without phase transitions) different from those employed in Ref. [421] can
be found that are compatible with both GW170817 and future more accurate nuclear experimental data
that may confirm the value of the neutron-skin thickness of 208Pb found in PREX [31]. Applying the
calculation of Ref. [421] to the revised analysis of GW170817 [220, 314] would probably not change
their conclusions.
As mentioned above, several months after the announcement of the observation of GW170817, the
LIGO-Virgo Collaborations published a revised analysis [220, 314] that provided improved estimates on
the tidal deformability and on the radius by incorporating new theoretical insights, improved analysis
tools, re-calibrated data (also starting at a lower frequency threshold), and some likely assumptions
that had not been assumed in the first article [1] in order to maintain the widest generality and conser-
vativeness. These assumptions are the source location (known mostly by electromagnetic observations
[4, 25, 578]), the fact the two stars have the same EoS, the fact that the more massive star in the binary
has smaller radius and lower tidal deformability, the fact that, because of causality, the speed of sound
in the NS must be less than the speed of light (plus ≈ 10% to allow for imperfect parameterization) up
to the central pressure of the heaviest star supported by the EoS, and the fact that the EoS must allow
for non-rotating stars of mass > 1.97M.
The improved analysis tools consisted in more accurate post-Newtonian waveform models, the use
of approximately EoS-insensitive relations to relate observed quantities to radii, and sampling the EoS
also as a spectral parameterization [256], which has the advantages mentioned in Sect. 2.4. Such
an analysis is more model dependent than the original one, but apparently the different models used
in Refs. [220, 314] give the same results. However, Ref. [306] warned that, according to their own
Bayesian analysis, constraints on the EoS from GW170817 alone may be relatively prior-dominated and
thus should be interpreted with care (see also the end of Sect. 7.3).
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The refined estimate for the mass-weighted average dimensionless tidal deformability is Λ˜ = 300+420−230
and that for the dimensionless tidal deformability of a NS of mass 1.4M is Λ1.4 = 190+390−120 [314].
For comparison, the widely used candidate EoS Sly [260], one of the softest theoretical models, has
Λ1.4 ≈ 290, while the ms1b EoS [579], one of the stiffest, has Λ1.4 ≈ 1220. Overall, these constraints
favour a relatively soft NS EoS, and are believed to rule out several candidate EoSs at 90% confidence
level [220, 314] (but see below for ideas on how to revive the excluded EoSs and Refs. [29, 30, 31] for
an alternative view). See Table 1 for the radius estimates.
Various other works re-analysed the publicly available data of GW170817 in similar but distinct
ways and drew similar and consistent conclusions [364, 399, 365, 487, 298]. Ref. [399] revisited the
early analysis of the LIGO-Virgo Collaborations [1] by incorporating some physical assumptions that
had been left out for conservativeness. First of all, they assumed that the two stars in GW170817 had
the same EoS (this has then been assumed in all subsequent studies). Then, they made use of the
binary Love universal relation [361, 362] (see Sect. 2.6) between the dimensionless tidal deformabilities
of the two stars and the ratio of their masses. The use of such a universal relation implies that, for
a given realistic EoS, the dimensionless tidal deformability is a decreasing function of the mass of the
NS (for stable NS configurations) and so that the most massive component in a BNS has the smallest
tidal deformability. The use of this relation to link the tidal deformabilities of the two stars leads to
a reduction in the extension of the credible region by factors of 2 to 10 and to an improvement in the
measurement of the individual tidal parameters by up to an order of magnitude, depending on the EoS
and the mass ratio.
Also Ref. [364] was published before the updated analysis of the LIGO-Virgo Collaborations [220,
314] and assumed that the two stars in GW170817 had the same EoS. This is the first published work to
place also lower bounds on the deformability and radii of NSs on the basis of a revised statistical analysis
of GW170817. Their statistical errors are comparable to the error reported later by the LIGO-Virgo
Collaborations, but total errors were estimated to be larger than in Refs. [220, 314] because systematic
errors (from unknown physics related to the EoS) of 0.2 km were added as conservative bounds.
In order to carry out their estimations, Ref. [364] justified and used the approximate relation
ΛA = q
6ΛB, where q is the mass ratio and ΛA,B the dimensionless tidal deformabilities of the two stars of
the binary. Later, the treatment was improved by considering instead analytic limits on the dependence
of the dimensionless tidal deformability on the stellar mass, Λ(M) [365]. This method is alternative
to that used in Refs. [399, 220, 314], where the binary Love relations between the dimensionless tidal
deformabilities of the two stars and the ratio of their masses [361, 362] were used. It is claimed that the
latter method is more suitable to describe modifications to deformability correlations because it also
contemplates the existence of a strong first-order phase transition (see also Sect. 7.3). In fact, if one of
the stars in the binary has undergone a strong phase transition and the other has not, the correlation
found in Ref. [364] would be weakened [220, 314].
In a different line of research, Refs. [580, 271, 581] studied whether the constraints imposed by
GW170817, together with those from other astrophysical observations (in particular the lower limit on
the maximum NS mass) and from nuclear theory and experiments, can allow for hyperons to appear
in NSs. It is well known that, while, on one side, beyond nuclear density the conversion of nucleons
into hyperons is energetically favourable (see, e.g., Ref. [582] for a review), on the other side it is not
easy to explain how NSs containing hyperons can have masses around 2M, since hyperonic EoSs are
usually too soft at the required densities. A few ideas to solve this puzzle have been proposed (see,
e.g., Ref. [3] for a review). One of these consists in tuning the interactions in the hyperonic sector
to allow for high-mass NSs [583, 584, 585, 586, 587, 588, 589, 590]. However, most of the hyperonic
stars proposed have tidal deformabilities and radii that are larger than what indicated by GW170817
(and other observations). A hyperonic EoS should be sufficiently soft below 2-3 times the saturation
density, in order to have a tidal deformability compatible with GW170817, and sufficiently stiff at higher
densities to sustain NSs with masses larger than 2M. This is exactly what was found to be the effect of
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considering ∆-isobars in the EoS, in addition to hyperons [591, 580, 271, 581, 592, 593]. Namely, EoSs
including both hyperons and ∆-isobars are found to satisfy also all current astrophysical constraints
[580, 271, 581].
7.1.1 Correlations of nuclear-matter parameters of the equation of state
A few works focused on estimating physical parameters of the expansion of the EoS, as introduced in
Sect. 2.4, for the data of GW170817. The first estimates, based on the LIGO-Virgo first analysis release
[1], concluded that the limits on the high-density EoS parameters from the Λ1.4 < 800 constraint
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are weaker than those imposed by measurements of the NS radius performed through x-ray observations
[29].
Other works, based on ideas of previous studies [594, 595, 274] proposed before the observa-
tion of GW170817, pointed out that actually the (mass-averaged) tidal deformability is found to
be weakly or only moderately correlated with the individual nuclear-matter parameters of the EoS
[264, 265, 266, 267, 268, 269], while stronger correlation is found for specific combinations of the EoS
parameters, in particular for a linear combination of the slopes of the incompressibility and symmetry-
energy coefficients [267, 268]. The correlation coefficients found are only around 50%, but the authors
set conservative bounds on some nuclear parameters (the incompressibility K0, its slope M0, and the
curvature of symmetry energy Ksym,0 at nuclear saturation density) to be 81 MeV ≤ K0 ≤ 362 MeV,
1556 MeV ≤ M0 ≤ 4971 MeV, and −259 MeV ≤ Ksym,0 ≤ 32 MeV at 90% confidence level from
GW170817 [268].
Also Ref. [269] found that the individual measurements of the tidal deformability and stellar radius
can only set limits on combinations of nuclear parameters; in their case, stringent constraints on the
correlation between the slope L of the symmetry energy and its curvature Ksym were found. The same
authors, by combining several physical and astrophysical constraints, also claimed that the symmetry
energy at twice the saturation density is constrained to 46.9± 10.1 MeV [556].
It was also pointed out in a Bayesian study [254] (already mentioned above), which included nuclear
data, NS masses, radii, tidal deformabilities, moments of inertia, and gravitational binding energies
obtained through different types of observations, that more precise measurements of the slope L of the
symmetry energy would strongly constrain the EOS only below nuclear saturation density and would
have little implications for densities above saturation density.
An important caveat needs to be highlighted here: Most correlations of the kind mentioned above
that are described in the literature originate or may originate from the lack of generality of existing
phenomenological functionals describing EoSs. Instead, in these estimates it is important to account
for the widest possible range of valid EoSs and EoS variation [264, 265, 267, 306, 268]. Furthermore,
bounds like those mentioned above have been derived only for NSs and may not be valid for hybrid
stars with a quark core and a nuclear matter envelope, or for compact stars containing heavy baryons
(hyperons and/or ∆-isobars) [580, 271] (see Sect. 7.3).
7.2 Quark stars
Some works have checked whether the data from GW170817 (the first announcement [1]) are compatible
with stars made purely of free quarks or of strange-quark clusters (which have been called strangeons
[596]). It is important to note that, because of the finite surface density of quark stars and of strangeon
stars, the standard relations involving the tidal deformability for nucleonic EoSs need to be modified;
therefore constraints on NSs according to the analysis of GW170817 performed by the LIGO-Virgo
Collaborations [1, 220, 314] and similar studies cannot be simply applied in the scenario of binary–
quark-star mergers [422, 557, 340] (see also Sect. 7.3).
43The corrected upper limit Λ1.4 < 900 (see note on page 36) would have been even less constraining.
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With this caveat in mind, Ref. [422], making use of the MIT bag model [281, 282], and considering the
limits on the tidal deformability from the GW170817 discovery article [1], inferred that the constraints on
the tidal deformability from GW170817 are compatible with a binary–quark-star merger. This remains
true also when considering the updated constraints from the LIGO-Virgo Collaborations [220, 314], but
very possibly only for stars made of superfluid quarks (where quarks form Cooper pairs) [422]. Also
Ref. [340] showed that the tidal deformability of quark stars may be reduced to values compatible with
current GW observations by the effect of elasticity generated if a crystalline colour-superconducting
phase occurs, like in the proposed solid quark stars [339], solid quark stars covered with a thin layer of
nuclear matter [339], or solid quark-cluster stars [597]. It must be said, anyway, that even if their tidal
deformabilities were compatible with GW170817, it is difficult to explain how quark stars can provide
the ejecta necessary to produce the observed macronova emission [598].
Even if no detailed studies exist, it has been also claimed that the tidal deformability of a strangeon
star is compatible with GW170817 [557, 599], also when considering the updated constraints from the
LIGO-Virgo Collaborations [220, 314]. Also for strangeon stars there are issues related to the ejecta: As
for free quarks, the ejecta composed of strangeon nuggets would not lead to r-process nucleosynthesis.
However, it has been claimed that different components of the observed macronova AT2017gfo may be
explained in the strangeon scenario in the following way: The blue component could be powered by the
decay of ejected strangeon nuggets, while the late red component could be powered by the spin-down
of the remnant strangeon star after merging [557].
Finally, the so-called two family scenario [600, 565, 601, 561, 602] involves also quark stars, but I
will describe it in the next Sect. 7.3, for convenience.
7.3 Hybrid stars
Several works have investigated whether GW170817 could have originated by the coalescence of a NS
with a hybrid star or that of two hybrid stars [532, 558, 559, 560, 561, 298, 562, 563, 564, 565, 289, 288,
603, 604, 566, 367, 605, 567, 568, 606]. All found that GW170817 is also consistent with the coalescence
of a binary system containing at least one hybrid star.
As mentioned earlier and widely known, the neutron matter EoS is expected to be reliable up to
densities as high as twice the nuclear saturation density of 0.16 fm3. Beyond that not much is known
for sure and matter could also undergo a phase transition to quark matter [276, 277, 278], possibly
giving rise to a hybrid hadron-quark star, in which the EoS is nucleonic for lower densities and contains
quark matter at higher densities. The possibility of more than one phase transition is also envisaged
[607, 608, 289]. Such phase transitions would change drastically the properties of the star, in particular
because they would produce drastic softening or stiffening of the EoS (according to the type of the
discontinuity, namely whether it is sharp or smoothed, the Love number of strange quark stars can
be smaller or larger than that for hadronic stars [609]). Multiple detections of GWs from different
BNS mergers with the same value for the tidal deformability of one star ΛA but considerably different
values of the tidal deformability of the second star ΛB would probably indicate the existence of a strong
first-order phase transition in NS matter [567, 288, 610]. The first numerical-relativity simulations of
BNS mergers in which matter undergoes a hadron-quark phase transition have been performed recently
[108, 109] (see Sect. 4.4).
Some hadronic EoSs that have been found not to satisfy the GW170817 constraints on the tidal
deformability [1, 420, 563, 220, 314, 555] and/or the lower limit for the maximum NS mass [312, 311, 310]
can be salvaged from the closed files of theories44, by proposing that they are the lower-density part
44In the next paragraphs I will write about some ways to salvage EoSs, but other physical effects have been found
that may make the tidal deformability obtained with a given EoS higher, and therefore more easily excluded by GW
observations of BNS systems. In particular, Ref. [611] found that, at least for the EoSs tried, considering superfluidity
may increase the tidal deformability of ∼ 5− 10%.
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of an EoS with such a hadron-quark phase transition, since hybrid stars built in that way have been
shown to be compatible with the constraints imposed by GW170817 [558, 559, 560].
Stiff EoSs excluded at a first investigation may also be salvaged by considering the additional
effects that vector-meson interactions can have on EoS models that do not consider them, since these
interactions were found to decrease the tidal deformability of a 1.4M star by ∼ 30% [612], or by
assuming that dark matter interacts with nucleonic matter inside the NS, since this softens the EoS
and lowers the value of tidal deformability [514, 613, 614, 615, 616] (see Sect. 7.4).
Before continuing the topic of hybrid stars, I mention here for completeness that a third way to
salvage EoSs that seem ruled out at first sight by recent observations consists in considering anisotropic
compact stars [349], which have been studied in many works since the seminal one of Ref. [617] (see
Refs. [618, 619, 620, 361, 621], for some of the most recent references). Pressure in stars in equilibrium is
usually assumed to be isotropic, but the possibility that the radial pressure and the transverse pressure
are not equal has been proposed in several works [622, 623, 624, 625, 626]. Basically, pressure anisotropy
can arise whenever the velocity distribution of particles in a fluid is anisotropic, which in turn can be
caused by magnetic fields, turbulence, convection [622], phase transitions [623], superfluidity or solid
cores [622, 623]. Additionally, some braneworld models of gravity, with extra spatial dimensions, predict
an effective four-dimensional stress-energy tensor with anisotropic pressure45 [625, 626].
Using the formula for pressure anisotropy proposed (for facility of use, rather than for physical
reasons) in Ref. [617], Ref. [349] computed the tidal deformability of anisoptropic stars and found that,
for a wide range of values for the parameters of the anisotropy ansatz and for stars with mass in the range
of interest [1, 2]M, the tidal Love number for an anisotropic star is smaller than that for a spherically
symmetric star with the same mass. This leads to the conclusion that EoSs that are apparently ruled
out by GW170817 because of their stiffness might still be viable if the stars in that BNS system were
supported by a sufficiently anisotropic pressure. Additionally, it has been noted that there is then a
degeneracy between EoS and anisotropy in the interpretation of the tidal deformability measured from
BNS inspirals. This degeneracy may be solved if the stellar radius is measured independently, since
anisotropic stars usually have a larger radius for a given mass [349].
After digressing about the effects of anisotropy, I now resume the main topic of this Section, saying
that the interest in hybrid EoSs goes even further than what written above, since some choices of phase
transition predict the existence of twin stars [302, 303, 304]: NSs and hybrid stars having the same mass
but different radii. The appearance of a second stable branch in the mass-radius relation of compact
stars (see e.g. Fig. 9) is thought to arise from the occurrence of a phase transition. The lower-mass star
in the twin is made solely of nucleons and has larger radius and larger tidal deformability, while the more
massive star is a hybrid star with a quark content and smaller radius and tidal deformability46. See Refs.
[287, 299] for studies of classifications of twin-star scenarios, Ref. [288] for a recent extensive analysis
of the features of the phase transitions that lead to twin-star configurations and Refs. [628, 629, 630]
for recent works on viable EoSs that allow for twin stars. It has been recently pointed out that strong
magnetic fields can influence noticeably twin-star scenarios [568]. Even if, given an EoS, non-magnetized
or weakly magnetized twin stars are found to exist, it is possible that strongly magnetized twin stars with
that same EoS do not exist. Conversely, even if, given an EoS, non-magnetized or weakly magnetized
twin stars are found not to exist, it is possible that strongly magnetized twin stars with that same EoS
do exist [568].
As a somewhat different idea, the two-family scenario [565] has been proposed, in which hadronic
stars exist up to 1.5−1.6M (their radius and tidal deformability decreasing with increasing mass) and
more massive stars are strange quark stars, with larger radii and tidal deformabilities (note that the
45Conversely, with accurate enough measurements of stellar properties, one could constrain the brane tension of those
alternative models of gravity [625, 626].
46There are exceptions: The so-called rising twins are twin star combinations where the more massive one has a larger
radius [627, 367].
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relations between mass and radii or tidal deformabilities are qualitatively different from those of hybrid
stars in the twin-star scenario). A complete transition may occur in finite time during the merger of the
binary (or the collapse of a star, e.g. in core-collapse supernovae) [565] and the process of conversion
may have two different stages: a turbulent combustion, which, in a timescale of the order of a few ms,
converts most of the star, and a diffusive combustion, which converts the unburnt hadronic layer in a
timescale of the order of 10 s [631]. Strictly speaking, then, in the two-family scenario hybrid stars exist
only briefly during the conversion of hadronic matter into quark matter.
In addition to influencing the computation of tidal deformabilities, the two-family scenario predicts
different rates for prompt collapses after the merger with respect to other EoSs, because the threshold
mass [358] against prompt collapse to black hole after the merger is different. Related to this, it has
also been found that GW170817 cannot be a binary of hadronic stars with the hadronic EoS adopted
in the two-family scenario (containing hyperons and ∆ resonances), because it would have undergone
prompt collapse [601], while this is not believed to be the case [20, 130, 632, 633, 634], but it could be
a binary of one hadronic and one quark star: The prompt collapse would be avoided by the formation
of a hypermassive hybrid configuration, whose ejecta may give rise to the macronova [601]. The first
numerical-relativity simulations of BNS mergers with the hadronic EoS of the two-family scenario have
been recently performed [602].
Hybrid stars that give rise to the twin-stars or the two-family scenarios allow for both stars that
have a tidal deformability large enough to fit with the lower-bound from GW170817 and stars that have
radii small enough47 to fit with data from x-ray observations of isolated NSs. If both such observational
constraints are confirmed and become tighter in the future, the twin-stars or the two-family scenarios
may become the only viable ones [561].
One way to show the qualitative difference between scenarios that allow for twin stars and those
that do not is to plot the dimensionless tidal deformabilities of the stars in the binary against each other
in a ΛA − ΛB plane. This is often done when examining the constraints imposed by GW observations
of BNS on the EoS. Since the tidal deformabilities are related to each other through the total mass (or,
more practically, the chirp mass) of the system, in the absence of twin stars, such a plot results in a
broad band, whose position and shape are governed by the EoS and whose width by the error of the
measurement of the total mass. Since a twin-star pair has two significantly different values of the tidal
deformability, more distinct bands may appear in the ΛA − ΛB plot, one for the NS–NS case, one for
the NS-hybrid-star case and one for the hybrid-star–hybrid-star case [567, 288].
Before going into some details about work on hybrid stars, I would like to stress again two general
points. The first is that, as already noted in Sect. 7.2, the constraints on the tidal deformability set
by the analysis of GW170817 performed by the LIGO-Virgo Collaborations [1, 220, 314] and by similar
works were obtained by expanding the tidal deformability as a function of mass Λ(M) linearly about
M = 1.4M. However, such a linear expansion is valid only for EoSs without phase transitions, as can
be seen, e.g., in Fig. 9. In fact, using this approximation to estimate the tidal deformability of a 1.4M
star should be avoided because it excludes the possibility of testing for hybrid stars. In particular, it
has been shown that if one does not make that linearity assumption the upper bound on Λ1.4 could be
smaller [532, 558, 298, 561, 289, 288].
The second general note on hybrid stars is that up to the time of the writing of this review there are
actually no numerical-relativity simulations in full general relativity of the merger of binaries composed
of one hybrid star and one NS or of two hybrid stars. Such simulations are necessary for further
comparison with mergers of stars described by purely nucleonic EoSs.
47By using a set of relativistic polytropes connected to a quark bag model for the phase transition with a Maxwell
construction (see note on page 43) and with a realistic description of the NS crust (SLy4 [635, 260] up to the nuclear
saturation density), Ref. [367] studied the radii and tidal deformabilities of compact stars compatible with current
observational constraints and found that the minimum radius that can be produced on a twin branch lies between 9.5
and 10.5 km, while the minimum radius for lighter stars that do not undergo the phase transition is about 12km.
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For the rest of this Section, I will give more details on specific works involving hybrid stars. Ref.
[558] was the first to investigate how GW170817 can constrain the properties of hybrid hadron-quark
compact stars. Ref. [559] later did a very similar work. They constructed (with the Maxwell method48
[558] or the Gibbs method [559]) parameterized hybrid hadron-quark EoSs that (i) consist of zero-
temperature nuclear matter in β-equilibrium with a low-density phase of nucleonic matter and a high-
density single-phase core of quark matter (parameterized with piecewise polytropes and other methods),
with a first-order phase transition at their interface, (ii) are supplemented with a low-density EoSs for
crustal matter, and (iii) are consistent with the existence of ≈ 2M pulsars. Stars built with such EoSs
were found to have the twin-star property at ≈ 1.5M.
These articles [558, 559] were then the first to stress that the tidal deformation observed from
GW170817 is consistent with the coalescence of a binary composed of one hybrid star and one NS, that
certain hadronic EoSs that do not satisfy the GW170817 constraints on the tidal deformation become
compatible with GW170817 if a first-order phase transition occurs in one of the stars, and that, while
for purely hadronic EoSs the dimensionless tidal deformability can be approximated as a linear function
of the gravitational mass for masses in the vicinity of 1.4M, this is not true for hybrid hadron-quark
EoSs with low-mass twins [558]. This issue was later elaborated in detail in Ref. [367].
Similarly, Ref. [563], adopting an EoS that predicts stars possibly composed of a core of two-flavour
quark matter and a shell of hadronic matter and that allows for twin stars, interpreted the GW170817
event as the merger of either such a hybrid star and a NS or a merger of two such hybrid stars, while
the BNS scenario was deemed disfavoured mostly because the stiffness of the hadronic EoS employed
made a BNS merger incompatible with the compactness expected from GW170817 (see also Fig. 9).
Also Refs. [567, 288] interpreted the GW170817 event as the merger scenario of either a NS-NS, a
NS–hybrid-star, or a hybrid-star–hybrid-star binary. In particular, Ref. [288] performed an extensive
analysis of the merger scenarios in which the parameters characterizing the phase transition have also
been varied and both Maxwell and Gibbs constructions for the phase transition were considered. For
the lower-density region of the inner core the hadronic EoSs of Refs. [587, 639], for the inner and
outer crust the EoS of Ref. [640], and for the quark phase a constant-speed-of-sound parameterization
[285, 286, 287] were used. They also predicted that a phase transition would be revealed in the inspiral
waveform if GW detectors measured values of the chirp mass smaller than 1.2M together with tidal
deformabilities of Λ1.4 . 400.
Ref. [610] performed a Bayesian analysis that included some models for the hadronic and quark
matter phases that were said to be realistic and that give rise to twin stars and found that their analysis
favours models with a strong mixed phase.
Ref. [289] has explored the sensitivity of the tidal deformability to the properties of a phase transi-
tions or of two sequential phase transitions (the first from nuclear matter to quark matter, the second,
at a higher density, to a different quark-matter phase49), not necessarily producing twin stars, using
the constant-speed-of-sound parameterization [285, 286, 287] [641, 608, 607]. In their calculations, they
found that the tidal deformability is smaller than that of purely hadronic stars and small enough to be
distinguishable in future GW observations of BNS merger events.
Refs. [642, 636], on the basis of an idea of Ref. [643], investigated the effects of the surface
48The Maxwell method, or Maxwell construction, describes a constant-pressure phase transition in which density is
discontinuous at the interface between hadronic and quark matter, without a phase in which the two are mixed; the
Gibbs method (or construction), instead, allows for a mixed phase in which pressure and density vary monotonically.
More in general, a hadron-quark phase transition is described by the surface tension between the two phases. Infinite
surface tension corresponds to the Maxwell construction and a zero surface tension to a Gibbs construction. It is largely
unknown what may be realistic values for the surface tension and different values for it (i.e. different constructions) lead
to stars with different properties, especially tidal deformability and radius [636]. Particular care should be therefore taken
when using results obtained from such constructions.
49for example, from the two-flavour colour-superconducting to the colour-flavor-locked phase [608]; see, e.g., Ref. [607]
for a review.
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Figure 9: Mass vs radius for sequences of compact stars with the hybrid EoS of Ref. [563].
Sets 1, 2 and 3 correspond to different onset masses for the deconfinement transition. The
dotted lines denote unstable configurations and connect two stable branches. For compari-
son, the mass-radius sequence for the APR EoS [637] (a standard EoS for nuclear astrophysics
applications) is shown with a dashed line. The horizontal bands denote: the mass measure-
ment for PSR J0348+432 [312], PSR J1614-2230 [63], and PSR J0437-4715 [638]; the mass
ranges for the compact stars in GW170817 (labelled M1 and M2); some exclusion regions
from the observation of GW170817 (in particular, Ref. [387] excluded radii of smaller than
10.68 km for stars of 1.6M, Ref. [420] excluded radii exceeding 13.6 km for stars of 1.4M,
and Ref. [363] excluded masses higher than 2.16M). (From Ref. [563])
tension50 between the hadron and quark phases (its value is largely unknown) and found that assuming
different values of the surface tensions leads to variations in the maximum mass of the hybrid star of
≈ 0.02M (which is not particularly significant), in its radius of ≈ 0.6km and in its tidal deformability of
∆Λ/Λ ≈ 50% (which are both very significant). Conversely, with future, more accurate measurements
of tidal deformabilities and radii of hybrid stars it may be possible to constrain the surface tension.
The current measurements from GW170817 were found to be unconstraining [636].
Ref. [603] pointed out that GW measurements from BNS mergers may offer for the first time access
to the structure of objects that might have a non-negligible contribution from vacuum energy to their
total mass. The presence of such vacuum energy in the inner cores of NSs would occur in new QCD
phases at large densities [644, 645]. If such phase transitions, which are different from those mentioned
above, occur, this would lead to a change in the internal structure of NSs and thus possibly influence
their tidal deformabilities. In their computations, performed with a piecewise-polytropic representation
of some commonly used EoSs augmented with a phase transition involving vacuum energy, they found
that the effects of vacuum energy could be measurable (in future detectors and with enough events)
for mergers with high chirp masses (≈ 1.9M), while for smaller chirp masses like that of GW170817
50See also the footnote on the Maxwell and Gibbs constructions, on page 43.
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the deviations of the tidal deformability are below detection capabilities [603]. Measurements of this
sort may be the only possibility for testing the gravitational properties of vacuum energy independently
from the acceleration of the Universe.
Ref. [298] extended the work of the LIGO-Virgo Collaborations [1, 220, 314] by using a different
general representation of EoSs that allows for a phase transition at high densities through a parame-
terization of the speed of sound [297, 298], which was developed starting from ideas of Refs. [287, 294].
This is different from the constant-speed-of-sound parameterization [285, 286, 287] mentioned in Sect.
2.4, but analogously offers the advantage that the speed of sound is continuous everywhere except when
first-order phase transitions are explicitly inserted. Six values of the density are randomly selected in
the interval between the saturation density and twelve times the saturation density and the values of the
speed of sound at those densities are treated as reference points, while all other points are computed by
connecting the reference points through linear segments. It is claimed that this model parameterizes the
widest possible domain of EoSs [298, 31]. With this setup, the authors computed probability contours
smaller than those from the LIGO-Virgo Collaborations [220, 314] and obtained 80 < Λ˜ < 570. In a
follow-up work [31], it was estimated that, in order to test the predictions of nuclear theory (in the
form of chiral effective field theory) in the range between one and two times the saturation density, the
uncertainty in the dimensionless tidal deformability needs to be less than about 300, while in order to
test the existence of phase transitions in denser matter it needs to be below 100.
As discussed in Sects. 2.4 and 3.3, the choice of parameterization can have a significant effect on
the global mass-radius relation and the EoS constraints inferred from GW observations of BNS sys-
tems. This was shown also for the case of EoSs allowing for first-order phase transitions in Ref. [240],
that compared a piecewise-polytropic parameterization to their own constant-speed-of-sound parame-
terization, similar but different from that of Ref. [298]. It was also mentioned above that, in order
to overcome the drawbacks of parameterized models, non-parametric models have been proposed. Ref.
[306] was the first to introduce a non-parametric method for directly inferring the NS EoS from GW
data. It used Gaussian process regression (see, e.g., Ref. [646]) to generate a large number of possible
dependencies of density on pressure, which span a very wide range of stiffnesses and core pressures,
while being consistent with thermodynamic stability, causality, observed astrophysical data, and candi-
date models from nuclear theory. In their work, they train what they call their synthetic EoSs on seven
(of which five purely hadronic and two containing quarks or hyperons) fiducial tabulated candidate
EoSs selected from well-established nuclear-theory models that span a wide range of stiffnesses and
support a 1.93M star. Two models were considered: one built with a very uninformative EoS prior
(tabulated EoSs provide only weak, general guidance to the form of the synthetic EoSs) and the other
more conformed to the chosen fiducial EoSs (in practice the synthetic EoSs depart relatively little from
the average of the tabulated EoSs) [306]. Applying the method to GW170817 gave tidal deformabilities
and their error bands that for both models agree with the results of the LIGO-Virgo Collaborations
[220, 314]. Perhaps the most important claim of Ref. [306] is that, since a Bayesian analysis of the
two models (the one weakly influenced by the tabulated EoSs and the one strongly influenced by them)
finds that neither is strongly preferred by the data (Bayes factor of about 1.12), constraints on the EoS
from GW170817 alone may be relatively prior-dominated and thus should be interpreted with care.
7.4 Possible influence of dark matter
A few works have been published on more exotic possibilities of what could also be inside compact stars
and how this would influence the interpretation of GW data, starting from those of GW170817. Some
works have studied the influence that dark matter may have on NSs (e.g., their maximum possible
mass and the mass-radius relation [647, 613]) and their tidal deformability [648, 649, 650], in particular
in view of the data of GW170817 [514, 613, 614, 615, 616]. In general, these works have determined
that the tidal deformability and the maximum possible mass for NSs are smaller in the presence of a
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Figure 10: Mass-radius relation of NSs for EoSs with different dark-matter Fermi momentum.
(From Ref. [615])
dark-matter core [613, 615, 616] (see Fig. 10). As already mentioned in Sects. 4 and 6, it has been
found that the presence of sizeable dark matter in merging NSs may cause the appearance of one or two
additional peaks in the post-merger frequency spectrum [514, 513] and that it can affect the one-armed
deformations of the stellar object formed after the merger [513].
However, these effects of dark matter are non-negligible only if enough dark matter accumulates
in (or in and around) NSs and this does not happen during what is considered the usual evolution of
NSs. Namely, via gravitational accretion a NS cannot accumulate dark matter in quantities sufficient
to form substantial dark-matter cores or halos. The formation of substantial dark-matter structures
would require additional processes to occur, like dark conversion of neutrons to scalar dark matter
[514, 613], production of dark-matter particles via bremsstrahlung in neutron-neutron scatterings [614],
or a nonstandard dark-matter sector with a subdominant dissipative component [515, 647, 648, 651,
516, 517].
Ref. [613] considered eleven representative nucleonic EoSs from the literature and added to NSs built
with them self-interacting bosonic dark matter (they also argued that asymmetric dark matter [652]
with or without self-interactions would yield similar results). It was found that, if enough dark matter
accumulates in NSs, the presence of a dark-matter core with a mass of about 5% of the NS mass could
make the NS more compact (and so decrease its tidal deformability and the maximum mass attainable)
to the point that some EoS currently compatible with the existence of a ≈ 2M NS would instead
become incompatible and that some EoSs that lie outside the confidence region of tidal deformability
determined from GW170817 [220, 314] could instead no longer be excluded with the current observation.
These results are nearly independent from the strength of the dark-matter self-interaction. Ref. [615],
then, arrived at similar conclusions, considering fermionic dark matter interacting with nucleonic matter
(described with the Walecka model [653, 654, 647]) inside the NS.
Refs. [613, 614] considered not only cores of dark matter, but also halos extending outside the NS.
In this case, NSs with dark matter would have a larger tidal deformability.
In conclusion to this Section, note that the dark-matter mass fraction in a NS may not be the same
in all stars, since it may depend on the NS age, initial temperature, or the environment in which it
was formed. Such possibilities would further complicate the interpretations of measurements of NS
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properties.
7.5 Summary of radius measurements
A summary of radius estimates obtained from GW170817 (and some other observations) from various
works is presented in Table 1 (see also Ref. [288] for a similar table). The Table is not meant to be
comprehensive of all published results, but only to give the reader an image of the radius intervals and
error bars.
In addition to the estimates obtained from GW170817, radii of NSs have been and are being measured
with several other approaches, mostly based on x-ray, optical and radio observations. Comments on
these observations and results are outside the scope of this review. Several other recent reviews are
available on the topic [50, 49, 61, 64]. However, let me note that one of the most fruitful methods is the
analysis of thermal emissions from low-mass x-ray binaries in their quiescent stage and photospheric-
radius expansion of type I x-ray bursters [242, 50, 655, 656, 657, 658]. Furthermore, it needs to be
said that the systematic errors of these methods are not completely known (some of the data are
more controversial than others; see, e.g., discussions in Refs. [659, 61, 64]) and different methods yield
different values for the estimates of the radius R1.4 of a 1.4M NS: with the so-called touchdown method
R1.4 is in the range 10−11km [50] and with the so-called cooling tail method it is in the range 11−13km
[657].
Future observations by the NICER (Neutron star Interior Composition Explorer) mission [660, 62],
expected to provide first results within this year, and the planned eXTP (enhanced x-ray Timing and
Polarimetry) Mission [65], LOFT (Large Observatory For x-ray Timing) satellite [661], and ATHENA
(Advanced Telescope for High Energy Astrophysics) [662] are seen to have completely different sys-
tematic errors, and thus, by combining many measurements with differing systematics one can hope to
significantly narrow the range for R1.4. These endeavours are based on the idea of measuring pulsations
in the x-rays emitted from the hot polar cap of a pulsar due to its rotation. These x-ray waveforms
depend on the relativistic gravitational properties of the star because they initially propagate through
the highly curved NS space-time. Ray-tracing techniques then can yield the radius of the NS or be used
directly in Bayesian analyses of EoS parameters (see, e.g., Refs. [663, 664] and references therein for
the latest results).
In the future, accurate estimates of the NS radius may also come from simultaneous measurements
of the mass and the moment of inertia of NSs. These can be obtained mainly in two ways: (i) exploiting
geodetic precession, namely the precession of the rotation and orbital axes (if these are not aligned)
around the direction of the total angular momentum; (ii) exploiting the advance of the pericentre of
the system caused by spin-orbit coupling. Refs. [346, 665] estimated that the moment of inertia will
eventually be determined to a precision of about 10%.
As described in the previous sections and in Table 1, various works extracted estimates of the NS
radius from data obtained from GW170817 and the overall picture that appears from such estimates
is relatively robust. Nuclear theory (see, e.g., Refs. [667, 668, 669, 670]) and experiments currently
predict approximately the same radius intervals (see, e.g., Ref. [48] for a review) as estimated from
GW170817. Results from GW170817 are also consistent with the above-mentioned measurements from
electromagnetic observations.
8 Conclusion
Even if not all agree, most people in the community are saying that, just from the one detection of
GWs from BNS mergers that has been analysed, it has already been possible to set new constraints on
the EoS of very high-density matter. It may be not so useful to debate on whether such a statement is
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Table 1: Constraints on the radius of NSs from GW170817 (and some other observations) from works
that report in their text estimates for the radius R1.4 of a 1.4M star or the radius of the NSs in
GW170817, considering EoSs without and with a phase transition and from multimessenger analyses.
In each category, the entries are in order of publication date. See also Ref. [288].
Reference Ri [km] Notes
Without a phase transition
Bauswein et al. [387] 10.68+0.15−0.03 ≤ R1.6 ◦
Fattoyev et al. [421] R1.4 ≤ 13.76
Most et al. [532] 12.00 ≤ R1.4 ≤ 13.45 ×
Lim Holt [30] 10.36 ≤ R1.4 ≤ 12.87 ×
De et al. [364] 8.9 ≤ R1.4 ≤ 13.2 ÷
Malik et al. [267] 11.82 ≤ R1.4 ≤ 13.72 +
LIGO/Virgo [314] 10.5 ≤R
GW170817
≤ 13.3 ∗
Tews et al. [298] 11.3 ≤ R1.4 ≤ 12.1 ?
Ko¨ppel et al. [388] 10.92 ≤ R1.4
Raithel [666] 9.8 ≤R
GW170817
≤ 13.2 ∗
With a phase transition
Annala et al. [420] 9.9 ≤ R1.4 ≤ 13.6
Most et al. [532] 8.53 ≤ R1.4 ≤ 13.74 ×
Tews et al. [298] 9.2 ≤ R1.4 ≤ 12.5 ?
Montana et al. [288] 10.1 ≤ R1.4 ≤ 13.11 ×
From multimessanger analyses
Radice Dai [489] 11.4 ≤ R1.4 ≤ 13.2 ∗ †
Coughlin et al. [491] 11.1 ≤ R1.4 ≤ 13.4 ∗ †
Kumar Landry [360] 9.4 ≤ R1.4 ≤ 12.8 ∗ ‡
◦ This work gives only an estimate for the radius R1.6 of an 1.6M star. However, I still include it in this table because it was probably the first work to give an
estimate of NS radii based on the observation of GW170817.
× At 2σ confidence level.
÷ At 90% confidence level and including an estimate of systematic error.
+ The lower limit is based on results from Ref. [488], related to macronova emission.
∗ At 90% confidence level.
? Total envelopes with GW input at 90% confidence level.
† These authors suggest an additional systematic uncertainty of 0.2km on these values.
‡ This work combined the GW data with electromagnetic observations of other NSs in accreting low-mass x-ray binaries (from Ref. [554]).
true or not, since the new observation run of the LIGO-Virgo Collaborations has already started to give
us new datasets on BNS mergers, which will definitively tell us more about the EoS of compact stars,
including, perhaps, about possible phase transitions at supranuclear density. While the GW170817
event was very fortunate because of its proximity to us, it can be expected that future observations will
not all have such a high signal-to-noise ratio, but the increasing sensitivity of advanced GW detectors
over the next years will surely lead to a large number of detections of merging BNS systems (if we are
lucky, we may also observe the merger of an eccentric NS binary) [671, 227] and, together with accurate
electromagnetic observations related and unrelated to GW events, will allow for an even more precise
measurement of the supranuclear EoSs. It has been estimated that a number of detections (at 100Mpc)
of order 10 will set percent limits on NS radii and 10% limits on the EoS [493, 254, 31].
The techniques reviewed in this article will continue to be used in the data analyses and will of
course undergo further developments. Numerical simulations, in addition to delivering waveforms with
higher and higher accuracy for constructing improved approximants, may also at some point finally
provide us with more realistic hints on the evolution of magnetic fields and radiation after the merger.
Semianalytic techniques that provide the actual templates for the data analyses are also continuously
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improving.
This is all really exciting.
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